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• NADE (Neural Autoregressive Density Estimator)

• 2011 AISTAT.

• Alternative to Restricted Boltzmann Machine (RBM).

• CF-NADE (NADE to Collaborative Filtering)

• 2016 ICML.

• Apply NADE to Collaborative Filtering (CF) Problem.

• Matrix Completion is one of the popular algorithms to solve CF Problem.

TODAY’S PAPERS
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• The Netflix recommendation engine use hybrid models combined with 
matrix factorization based models (Biased-MF, …) and deep networks [3].

• Not Netflix Prize.

• The main model used for deep networks is RBM-CF [9].

• The RBM-CF apply RBM to CF problem.

• An algorithm that works well with practical data.

• Authors of CF-NADE were in Hulu, which is a competitor of the Netflix.

• To enhance their recommendation engine.

• By replacing RBM-CF to CF-NADE.

• Personally, the CF-NADE paper is able to get several insights on engineering.

MOTIVATION
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MOTIVATION

RBM NADE

RBM-CF CF-NADE
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• RBM is not tractable by the partition function.

• The goal of NADE:

• Make RBM be tractable. 

• To do this, the author of NADE convert RBM to a Bayesian network.

RBM TO NADE

Z is the partition function.
We should calculate Z by considering all possible v, h

The thing we need to train in NADE
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• The model of NADE:

• It is a tractable. There is no partition function or similar things.

• For fixed length binary vectors.

• Practical for high dimensional data.

• Practical version of NADE:

NADE

p(vi = 1|v<i) = sigm(bi +Vi,:hi)

hi = sigm(c+
X

j<i

W:,j)
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• The training case for user u:

• o is a D-tuple in the set of permutations of (1, 2, …, D).

• The items                                  .

•                                 .

• For simplicity, the index u of ru can be omitted. 

• We want to model the below equation by NADE.

•                                                       : the first i-1 elements of r indexed by o. 

• D is the number of ratings by user u.

• o: ordering.

NOTATION AND PROBABILISTIC MODEL



• The objective function:

• where

• g( ) : activation function like tanh.

•                     is a latent matrix.                   is a weight matrix. 

•               and              are the bias terms.
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THE BASIC MODEL

no activation function
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FIGURES OF THE MODEL

W1 W2 Wk…
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FIGURES OF THE MODEL
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FIGURES OF THE MODEL
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<latexit sha1_base64="8xJmIOcF0OzDWOLwsax2XAaqU70=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL4KXCsYW2lA2m027dLMbdzdCCfkTXjyoePX3ePPfuG1z0NYHA4/3ZpiZF6acaeO6305lZXVtfaO6Wdva3tndq+8fPGiZKUJ9IrlU3RBrypmgvmGG026qKE5CTjvh+Hrqd56o0kyKezNJaZDgoWAxI9hYqdsPJY9yUgzqDbfpzoCWiVeSBpRoD+pf/UiSLKHCEI617nluaoIcK8MIp0Wtn2maYjLGQ9qzVOCE6iCf3VugE6tEKJbKljBopv6eyHGi9SQJbWeCzUgvelPxP6+XmfgyyJlIM0MFmS+KM46MRNPnUcQUJYZPLMFEMXsrIiOsMDE2opoNwVt8eZn4Z82rpnd33mjdlmlU4QiO4RQ8uIAW3EAbfCDA4Rle4c15dF6cd+dj3lpxyplD+APn8we9zo//</latexit><latexit sha1_base64="8xJmIOcF0OzDWOLwsax2XAaqU70=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL4KXCsYW2lA2m027dLMbdzdCCfkTXjyoePX3ePPfuG1z0NYHA4/3ZpiZF6acaeO6305lZXVtfaO6Wdva3tndq+8fPGiZKUJ9IrlU3RBrypmgvmGG026qKE5CTjvh+Hrqd56o0kyKezNJaZDgoWAxI9hYqdsPJY9yUgzqDbfpzoCWiVeSBpRoD+pf/UiSLKHCEI617nluaoIcK8MIp0Wtn2maYjLGQ9qzVOCE6iCf3VugE6tEKJbKljBopv6eyHGi9SQJbWeCzUgvelPxP6+XmfgyyJlIM0MFmS+KM46MRNPnUcQUJYZPLMFEMXsrIiOsMDE2opoNwVt8eZn4Z82rpnd33mjdlmlU4QiO4RQ8uIAW3EAbfCDA4Rle4c15dF6cd+dj3lpxyplD+APn8we9zo//</latexit><latexit sha1_base64="8xJmIOcF0OzDWOLwsax2XAaqU70=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL4KXCsYW2lA2m027dLMbdzdCCfkTXjyoePX3ePPfuG1z0NYHA4/3ZpiZF6acaeO6305lZXVtfaO6Wdva3tndq+8fPGiZKUJ9IrlU3RBrypmgvmGG026qKE5CTjvh+Hrqd56o0kyKezNJaZDgoWAxI9hYqdsPJY9yUgzqDbfpzoCWiVeSBpRoD+pf/UiSLKHCEI617nluaoIcK8MIp0Wtn2maYjLGQ9qzVOCE6iCf3VugE6tEKJbKljBopv6eyHGi9SQJbWeCzUgvelPxP6+XmfgyyJlIM0MFmS+KM46MRNPnUcQUJYZPLMFEMXsrIiOsMDE2opoNwVt8eZn4Z82rpnd33mjdlmlU4QiO4RQ8uIAW3EAbfCDA4Rle4c15dF6cd+dj3lpxyplD+APn8we9zo//</latexit><latexit sha1_base64="8xJmIOcF0OzDWOLwsax2XAaqU70=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL4KXCsYW2lA2m027dLMbdzdCCfkTXjyoePX3ePPfuG1z0NYHA4/3ZpiZF6acaeO6305lZXVtfaO6Wdva3tndq+8fPGiZKUJ9IrlU3RBrypmgvmGG026qKE5CTjvh+Hrqd56o0kyKezNJaZDgoWAxI9hYqdsPJY9yUgzqDbfpzoCWiVeSBpRoD+pf/UiSLKHCEI617nluaoIcK8MIp0Wtn2maYjLGQ9qzVOCE6iCf3VugE6tEKJbKljBopv6eyHGi9SQJbWeCzUgvelPxP6+XmfgyyJlIM0MFmS+KM46MRNPnUcQUJYZPLMFEMXsrIiOsMDE2opoNwVt8eZn4Z82rpnd33mjdlmlU4QiO4RQ8uIAW3EAbfCDA4Rle4c15dF6cd+dj3lpxyplD+APn8we9zo//</latexit>

+ … +

W
rmo2

:,mo2
<latexit sha1_base64="opdz4oAh5Obm9hxV3ZKKD/28H70=">AAACBXicbVDLSgMxFM3UV62vUZciBIvgQspMEXysCm4ENxUcW2jHIZNm2tDMZEgyQgmzcuOvuHGh4tZ/cOffmLaz0NYDF07OuZfce8KUUakc59sqLSwuLa+UVytr6xubW/b2zp3kmcDEw5xx0Q6RJIwmxFNUMdJOBUFxyEgrHF6O/dYDEZLy5FaNUuLHqJ/QiGKkjBTY+61AXxzDONA8qOcwv9ci0MUrzwO76tScCeA8cQtSBQWagf3V7XGcxSRRmCEpO66TKl8joShmJK90M0lShIeoTzqGJigm0teTM3J4aJQejLgwlSg4UX9PaBRLOYpD0xkjNZCz3lj8z+tkKjrzNU3STJEETz+KMgYVh+NMYI8KghUbGYKwoGZXiAdIIKxMchUTgjt78jzx6rXzmntzUm1cF2mUwR44AEfABaegAa5AE3gAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH1HxmKU=</latexit><latexit sha1_base64="opdz4oAh5Obm9hxV3ZKKD/28H70=">AAACBXicbVDLSgMxFM3UV62vUZciBIvgQspMEXysCm4ENxUcW2jHIZNm2tDMZEgyQgmzcuOvuHGh4tZ/cOffmLaz0NYDF07OuZfce8KUUakc59sqLSwuLa+UVytr6xubW/b2zp3kmcDEw5xx0Q6RJIwmxFNUMdJOBUFxyEgrHF6O/dYDEZLy5FaNUuLHqJ/QiGKkjBTY+61AXxzDONA8qOcwv9ci0MUrzwO76tScCeA8cQtSBQWagf3V7XGcxSRRmCEpO66TKl8joShmJK90M0lShIeoTzqGJigm0teTM3J4aJQejLgwlSg4UX9PaBRLOYpD0xkjNZCz3lj8z+tkKjrzNU3STJEETz+KMgYVh+NMYI8KghUbGYKwoGZXiAdIIKxMchUTgjt78jzx6rXzmntzUm1cF2mUwR44AEfABaegAa5AE3gAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH1HxmKU=</latexit><latexit sha1_base64="opdz4oAh5Obm9hxV3ZKKD/28H70=">AAACBXicbVDLSgMxFM3UV62vUZciBIvgQspMEXysCm4ENxUcW2jHIZNm2tDMZEgyQgmzcuOvuHGh4tZ/cOffmLaz0NYDF07OuZfce8KUUakc59sqLSwuLa+UVytr6xubW/b2zp3kmcDEw5xx0Q6RJIwmxFNUMdJOBUFxyEgrHF6O/dYDEZLy5FaNUuLHqJ/QiGKkjBTY+61AXxzDONA8qOcwv9ci0MUrzwO76tScCeA8cQtSBQWagf3V7XGcxSRRmCEpO66TKl8joShmJK90M0lShIeoTzqGJigm0teTM3J4aJQejLgwlSg4UX9PaBRLOYpD0xkjNZCz3lj8z+tkKjrzNU3STJEETz+KMgYVh+NMYI8KghUbGYKwoGZXiAdIIKxMchUTgjt78jzx6rXzmntzUm1cF2mUwR44AEfABaegAa5AE3gAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH1HxmKU=</latexit><latexit sha1_base64="opdz4oAh5Obm9hxV3ZKKD/28H70=">AAACBXicbVDLSgMxFM3UV62vUZciBIvgQspMEXysCm4ENxUcW2jHIZNm2tDMZEgyQgmzcuOvuHGh4tZ/cOffmLaz0NYDF07OuZfce8KUUakc59sqLSwuLa+UVytr6xubW/b2zp3kmcDEw5xx0Q6RJIwmxFNUMdJOBUFxyEgrHF6O/dYDEZLy5FaNUuLHqJ/QiGKkjBTY+61AXxzDONA8qOcwv9ci0MUrzwO76tScCeA8cQtSBQWagf3V7XGcxSRRmCEpO66TKl8joShmJK90M0lShIeoTzqGJigm0teTM3J4aJQejLgwlSg4UX9PaBRLOYpD0xkjNZCz3lj8z+tkKjrzNU3STJEETz+KMgYVh+NMYI8KghUbGYKwoGZXiAdIIKxMchUTgjt78jzx6rXzmntzUm1cF2mUwR44AEfABaegAa5AE3gAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH1HxmKU=</latexit>

W
rmoi�1

:,moi�1
<latexit sha1_base64="vDWHlwlOmdQjyoSWksi1NThDM8A=">AAACDnicbVDLSgMxFM3UV62vUZdugkVxoWVGBB+rghvBTQXHFtpxyKRpG5pJhiQjlNA/cOOvuHGh4ta1O//GtB1Qq+dy4XDOvST3xCmjSnvep1OYmZ2bXygulpaWV1bX3PWNGyUyiUmABROyESNFGOUk0FQz0kglQUnMSD3un4/8+h2Rigp+rQcpCRPU5bRDMdJWitzdemTO9mESGREZeuAPoa1bIyPzLVlEbtmreGPAv8TPSRnkqEXuR6stcJYQrjFDSjV9L9WhQVJTzMiw1MoUSRHuoy5pWspRQlRoxvcM4Y5V2rAjpG2u4Vj9uWFQotQgie1kgnRPTXsj8T+vmenOSWgoTzNNOJ481MkY1AKOwoFtKgnWbGAJwpLav0LcQxJhbSMs2RD86ZP/kuCwclrxr47K1cs8jSLYAttgD/jgGFTBBaiBAGBwDx7BM3hxHpwn59V5m4wWnHxnE/yC8/4F64qcOQ==</latexit><latexit sha1_base64="vDWHlwlOmdQjyoSWksi1NThDM8A=">AAACDnicbVDLSgMxFM3UV62vUZdugkVxoWVGBB+rghvBTQXHFtpxyKRpG5pJhiQjlNA/cOOvuHGh4ta1O//GtB1Qq+dy4XDOvST3xCmjSnvep1OYmZ2bXygulpaWV1bX3PWNGyUyiUmABROyESNFGOUk0FQz0kglQUnMSD3un4/8+h2Rigp+rQcpCRPU5bRDMdJWitzdemTO9mESGREZeuAPoa1bIyPzLVlEbtmreGPAv8TPSRnkqEXuR6stcJYQrjFDSjV9L9WhQVJTzMiw1MoUSRHuoy5pWspRQlRoxvcM4Y5V2rAjpG2u4Vj9uWFQotQgie1kgnRPTXsj8T+vmenOSWgoTzNNOJ481MkY1AKOwoFtKgnWbGAJwpLav0LcQxJhbSMs2RD86ZP/kuCwclrxr47K1cs8jSLYAttgD/jgGFTBBaiBAGBwDx7BM3hxHpwn59V5m4wWnHxnE/yC8/4F64qcOQ==</latexit><latexit sha1_base64="vDWHlwlOmdQjyoSWksi1NThDM8A=">AAACDnicbVDLSgMxFM3UV62vUZdugkVxoWVGBB+rghvBTQXHFtpxyKRpG5pJhiQjlNA/cOOvuHGh4ta1O//GtB1Qq+dy4XDOvST3xCmjSnvep1OYmZ2bXygulpaWV1bX3PWNGyUyiUmABROyESNFGOUk0FQz0kglQUnMSD3un4/8+h2Rigp+rQcpCRPU5bRDMdJWitzdemTO9mESGREZeuAPoa1bIyPzLVlEbtmreGPAv8TPSRnkqEXuR6stcJYQrjFDSjV9L9WhQVJTzMiw1MoUSRHuoy5pWspRQlRoxvcM4Y5V2rAjpG2u4Vj9uWFQotQgie1kgnRPTXsj8T+vmenOSWgoTzNNOJ481MkY1AKOwoFtKgnWbGAJwpLav0LcQxJhbSMs2RD86ZP/kuCwclrxr47K1cs8jSLYAttgD/jgGFTBBaiBAGBwDx7BM3hxHpwn59V5m4wWnHxnE/yC8/4F64qcOQ==</latexit><latexit sha1_base64="vDWHlwlOmdQjyoSWksi1NThDM8A=">AAACDnicbVDLSgMxFM3UV62vUZdugkVxoWVGBB+rghvBTQXHFtpxyKRpG5pJhiQjlNA/cOOvuHGh4ta1O//GtB1Qq+dy4XDOvST3xCmjSnvep1OYmZ2bXygulpaWV1bX3PWNGyUyiUmABROyESNFGOUk0FQz0kglQUnMSD3un4/8+h2Rigp+rQcpCRPU5bRDMdJWitzdemTO9mESGREZeuAPoa1bIyPzLVlEbtmreGPAv8TPSRnkqEXuR6stcJYQrjFDSjV9L9WhQVJTzMiw1MoUSRHuoy5pWspRQlRoxvcM4Y5V2rAjpG2u4Vj9uWFQotQgie1kgnRPTXsj8T+vmenOSWgoTzNNOJ481MkY1AKOwoFtKgnWbGAJwpLav0LcQxJhbSMs2RD86ZP/kuCwclrxr47K1cs8jSLYAttgD/jgGFTBBaiBAGBwDx7BM3hxHpwn59V5m4wWnHxnE/yC8/4F64qcOQ==</latexit>

t
a
n

h
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FIGURES OF THE MODEL

V1 b1

b
1

moi
<latexit sha1_base64="khFMxWwj1mfcXUdBB7rNQr8Otg8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeCF8FLBWMLbQyb7bZduh9xd1MoIb/DiwcVr/4Zb/4bt20O2vpg4PHeDDPz4oRRbTzv2ymtrK6tb5Q3K1vbO7t71f2DBy1ThUmAJZOqHSNNGBUkMNQw0k4UQTxmpBWPrqd+a0yUplLcm0lCQo4GgvYpRsZKYfzoRxmPMhnRPI+qNa/uzeAuE78gNSjQjKpf3Z7EKSfCYIa07vheYsIMKUMxI3mlm2qSIDxCA9KxVCBOdJjNjs7dE6v03L5UtoRxZ+rviQxxrSc8tp0cmaFe9Kbif14nNf3LMKMiSQ0ReL6onzLXSHeagNujimDDJpYgrKi91cVDpBA2NqeKDcFffHmZBGf1q7p/d15r3BZplOEIjuEUfLiABtxAEwLA8ATP8Apvzth5cd6dj3lrySlmDuEPnM8fb2OSHA==</latexit><latexit sha1_base64="khFMxWwj1mfcXUdBB7rNQr8Otg8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeCF8FLBWMLbQyb7bZduh9xd1MoIb/DiwcVr/4Zb/4bt20O2vpg4PHeDDPz4oRRbTzv2ymtrK6tb5Q3K1vbO7t71f2DBy1ThUmAJZOqHSNNGBUkMNQw0k4UQTxmpBWPrqd+a0yUplLcm0lCQo4GgvYpRsZKYfzoRxmPMhnRPI+qNa/uzeAuE78gNSjQjKpf3Z7EKSfCYIa07vheYsIMKUMxI3mlm2qSIDxCA9KxVCBOdJjNjs7dE6v03L5UtoRxZ+rviQxxrSc8tp0cmaFe9Kbif14nNf3LMKMiSQ0ReL6onzLXSHeagNujimDDJpYgrKi91cVDpBA2NqeKDcFffHmZBGf1q7p/d15r3BZplOEIjuEUfLiABtxAEwLA8ATP8Apvzth5cd6dj3lrySlmDuEPnM8fb2OSHA==</latexit><latexit sha1_base64="khFMxWwj1mfcXUdBB7rNQr8Otg8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeCF8FLBWMLbQyb7bZduh9xd1MoIb/DiwcVr/4Zb/4bt20O2vpg4PHeDDPz4oRRbTzv2ymtrK6tb5Q3K1vbO7t71f2DBy1ThUmAJZOqHSNNGBUkMNQw0k4UQTxmpBWPrqd+a0yUplLcm0lCQo4GgvYpRsZKYfzoRxmPMhnRPI+qNa/uzeAuE78gNSjQjKpf3Z7EKSfCYIa07vheYsIMKUMxI3mlm2qSIDxCA9KxVCBOdJjNjs7dE6v03L5UtoRxZ+rviQxxrSc8tp0cmaFe9Kbif14nNf3LMKMiSQ0ReL6onzLXSHeagNujimDDJpYgrKi91cVDpBA2NqeKDcFffHmZBGf1q7p/d15r3BZplOEIjuEUfLiABtxAEwLA8ATP8Apvzth5cd6dj3lrySlmDuEPnM8fb2OSHA==</latexit><latexit sha1_base64="khFMxWwj1mfcXUdBB7rNQr8Otg8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeCF8FLBWMLbQyb7bZduh9xd1MoIb/DiwcVr/4Zb/4bt20O2vpg4PHeDDPz4oRRbTzv2ymtrK6tb5Q3K1vbO7t71f2DBy1ThUmAJZOqHSNNGBUkMNQw0k4UQTxmpBWPrqd+a0yUplLcm0lCQo4GgvYpRsZKYfzoRxmPMhnRPI+qNa/uzeAuE78gNSjQjKpf3Z7EKSfCYIa07vheYsIMKUMxI3mlm2qSIDxCA9KxVCBOdJjNjs7dE6v03L5UtoRxZ+rviQxxrSc8tp0cmaFe9Kbif14nNf3LMKMiSQ0ReL6onzLXSHeagNujimDDJpYgrKi91cVDpBA2NqeKDcFffHmZBGf1q7p/d15r3BZplOEIjuEUfLiABtxAEwLA8ATP8Apvzth5cd6dj3lrySlmDuEPnM8fb2OSHA==</latexit>

V
1

moi
,:

<latexit sha1_base64="6/wzl1Pz+AiS40dOdQg4tQAE2hI=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXEhJRPCxKrgR3FQwbaGNYTKZtENnMmFmIpSQjb/ixoWKW3/DnX/jtM1CWw9cOJxzL/feE6aMKu0439bC4tLyymplrbq+sbm1be/stpTIJCYeFkzITogUYTQhnqaakU4qCeIhI+1weD32249EKiqSez1Kic9RP6ExxUgbKbD3e6FgUd4qHtwg50EuAlqcwKsisGtO3ZkAzhO3JDVQohnYX71I4IyTRGOGlOq6Tqr9HElNMSNFtZcpkiI8RH3SNTRBnCg/nzxQwCOjRDAW0lSi4UT9PZEjrtSIh6aTIz1Qs95Y/M/rZjq+8HOapJkmCZ4uijMGtYDjNGBEJcGajQxBWFJzK8QDJBHWJrOqCcGdfXmeeKf1y7p7d1Zr3JZpVMABOATHwAXnoAFuQBN4AIMCPINX8GY9WS/Wu/UxbV2wypk98AfW5w/RaZYg</latexit><latexit sha1_base64="6/wzl1Pz+AiS40dOdQg4tQAE2hI=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXEhJRPCxKrgR3FQwbaGNYTKZtENnMmFmIpSQjb/ixoWKW3/DnX/jtM1CWw9cOJxzL/feE6aMKu0439bC4tLyymplrbq+sbm1be/stpTIJCYeFkzITogUYTQhnqaakU4qCeIhI+1weD32249EKiqSez1Kic9RP6ExxUgbKbD3e6FgUd4qHtwg50EuAlqcwKsisGtO3ZkAzhO3JDVQohnYX71I4IyTRGOGlOq6Tqr9HElNMSNFtZcpkiI8RH3SNTRBnCg/nzxQwCOjRDAW0lSi4UT9PZEjrtSIh6aTIz1Qs95Y/M/rZjq+8HOapJkmCZ4uijMGtYDjNGBEJcGajQxBWFJzK8QDJBHWJrOqCcGdfXmeeKf1y7p7d1Zr3JZpVMABOATHwAXnoAFuQBN4AIMCPINX8GY9WS/Wu/UxbV2wypk98AfW5w/RaZYg</latexit><latexit sha1_base64="6/wzl1Pz+AiS40dOdQg4tQAE2hI=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXEhJRPCxKrgR3FQwbaGNYTKZtENnMmFmIpSQjb/ixoWKW3/DnX/jtM1CWw9cOJxzL/feE6aMKu0439bC4tLyymplrbq+sbm1be/stpTIJCYeFkzITogUYTQhnqaakU4qCeIhI+1weD32249EKiqSez1Kic9RP6ExxUgbKbD3e6FgUd4qHtwg50EuAlqcwKsisGtO3ZkAzhO3JDVQohnYX71I4IyTRGOGlOq6Tqr9HElNMSNFtZcpkiI8RH3SNTRBnCg/nzxQwCOjRDAW0lSi4UT9PZEjrtSIh6aTIz1Qs95Y/M/rZjq+8HOapJkmCZ4uijMGtYDjNGBEJcGajQxBWFJzK8QDJBHWJrOqCcGdfXmeeKf1y7p7d1Zr3JZpVMABOATHwAXnoAFuQBN4AIMCPINX8GY9WS/Wu/UxbV2wypk98AfW5w/RaZYg</latexit><latexit sha1_base64="6/wzl1Pz+AiS40dOdQg4tQAE2hI=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXEhJRPCxKrgR3FQwbaGNYTKZtENnMmFmIpSQjb/ixoWKW3/DnX/jtM1CWw9cOJxzL/feE6aMKu0439bC4tLyymplrbq+sbm1be/stpTIJCYeFkzITogUYTQhnqaakU4qCeIhI+1weD32249EKiqSez1Kic9RP6ExxUgbKbD3e6FgUd4qHtwg50EuAlqcwKsisGtO3ZkAzhO3JDVQohnYX71I4IyTRGOGlOq6Tqr9HElNMSNFtZcpkiI8RH3SNTRBnCg/nzxQwCOjRDAW0lSi4UT9PZEjrtSIh6aTIz1Qs95Y/M/rZjq+8HOapJkmCZ4uijMGtYDjNGBEJcGajQxBWFJzK8QDJBHWJrOqCcGdfXmeeKf1y7p7d1Zr3JZpVMABOATHwAXnoAFuQBN4AIMCPINX8GY9WS/Wu/UxbV2wypk98AfW5w/RaZYg</latexit>

b
1

moi

+V
1

moi
,:
h

⇣

rmo<i

⌘

<latexit sha1_base64="LHhK5VPbhS1xg2EMwUUBfHHGwMc="></latexit><latexit sha1_base64="LHhK5VPbhS1xg2EMwUUBfHHGwMc="></latexit><latexit sha1_base64="LHhK5VPbhS1xg2EMwUUBfHHGwMc="></latexit><latexit sha1_base64="LHhK5VPbhS1xg2EMwUUBfHHGwMc="></latexit>

… …

s
1

moi

⇣

rmo<i

⌘

<latexit sha1_base64="dEuQ73sOOGlAJordFhBO/PRTXnQ=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu63vHS0MvlR7PMuwKFkAVu74U/VRluZNeTLwMY1fxwRCOvXLFrtlT4EXi5KSCcjS98qfblzQJWQRUEK27jh1DLyUKOBUsK7mJZjGhIzJgXUMjEjLdS6ffZfjIKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPVSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaMiE48y8vktZJ7bzm3NQrjes8jSI6QIeoihx0ihroCjVRC1H0iJ7RK3qznqwX6936mLUWrHxmH/2B9fUDSeiiQw==</latexit><latexit sha1_base64="dEuQ73sOOGlAJordFhBO/PRTXnQ=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu63vHS0MvlR7PMuwKFkAVu74U/VRluZNeTLwMY1fxwRCOvXLFrtlT4EXi5KSCcjS98qfblzQJWQRUEK27jh1DLyUKOBUsK7mJZjGhIzJgXUMjEjLdS6ffZfjIKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPVSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaMiE48y8vktZJ7bzm3NQrjes8jSI6QIeoihx0ihroCjVRC1H0iJ7RK3qznqwX6936mLUWrHxmH/2B9fUDSeiiQw==</latexit><latexit sha1_base64="dEuQ73sOOGlAJordFhBO/PRTXnQ=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu63vHS0MvlR7PMuwKFkAVu74U/VRluZNeTLwMY1fxwRCOvXLFrtlT4EXi5KSCcjS98qfblzQJWQRUEK27jh1DLyUKOBUsK7mJZjGhIzJgXUMjEjLdS6ffZfjIKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPVSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaMiE48y8vktZJ7bzm3NQrjes8jSI6QIeoihx0ihroCjVRC1H0iJ7RK3qznqwX6936mLUWrHxmH/2B9fUDSeiiQw==</latexit><latexit sha1_base64="dEuQ73sOOGlAJordFhBO/PRTXnQ=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu63vHS0MvlR7PMuwKFkAVu74U/VRluZNeTLwMY1fxwRCOvXLFrtlT4EXi5KSCcjS98qfblzQJWQRUEK27jh1DLyUKOBUsK7mJZjGhIzJgXUMjEjLdS6ffZfjIKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPVSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaMiE48y8vktZJ7bzm3NQrjes8jSI6QIeoihx0ihroCjVRC1H0iJ7RK3qznqwX6936mLUWrHxmH/2B9fUDSeiiQw==</latexit>

s
k

moi

⇣

rmo<i

⌘

<latexit sha1_base64="8yFvGakMoAgUOhWppwqPpdRpbLM=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu6/uRl4ZeKj2eZdgVLIAqdn0p+qnKcie9mHgZxq7igyEce+WKXbOnwIvEyUkF5Wh65U+3L2kSsgioIFp3HTuGXkoUcCpYVnITzWJCR2TAuoZGJGS6l06/y/CRUfo4kMpUBHiq/p5ISaj1OPRNZ0hgqOe9ifif100gOOulPIoTYBGdLQoSgUHiSVS4zxWjIMaGEKq4uRXTIVGEggm0ZEJw5l9eJK2T2nnNualXGtd5GkV0gA5RFTnoFDXQFWqiFqLoET2jV/RmPVkv1rv1MWstWPnMPvoD6+sHrLCifQ==</latexit><latexit sha1_base64="8yFvGakMoAgUOhWppwqPpdRpbLM=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu6/uRl4ZeKj2eZdgVLIAqdn0p+qnKcie9mHgZxq7igyEce+WKXbOnwIvEyUkF5Wh65U+3L2kSsgioIFp3HTuGXkoUcCpYVnITzWJCR2TAuoZGJGS6l06/y/CRUfo4kMpUBHiq/p5ISaj1OPRNZ0hgqOe9ifif100gOOulPIoTYBGdLQoSgUHiSVS4zxWjIMaGEKq4uRXTIVGEggm0ZEJw5l9eJK2T2nnNualXGtd5GkV0gA5RFTnoFDXQFWqiFqLoET2jV/RmPVkv1rv1MWstWPnMPvoD6+sHrLCifQ==</latexit><latexit sha1_base64="8yFvGakMoAgUOhWppwqPpdRpbLM=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu6/uRl4ZeKj2eZdgVLIAqdn0p+qnKcie9mHgZxq7igyEce+WKXbOnwIvEyUkF5Wh65U+3L2kSsgioIFp3HTuGXkoUcCpYVnITzWJCR2TAuoZGJGS6l06/y/CRUfo4kMpUBHiq/p5ISaj1OPRNZ0hgqOe9ifif100gOOulPIoTYBGdLQoSgUHiSVS4zxWjIMaGEKq4uRXTIVGEggm0ZEJw5l9eJK2T2nnNualXGtd5GkV0gA5RFTnoFDXQFWqiFqLoET2jV/RmPVkv1rv1MWstWPnMPvoD6+sHrLCifQ==</latexit><latexit sha1_base64="8yFvGakMoAgUOhWppwqPpdRpbLM=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu6/uRl4ZeKj2eZdgVLIAqdn0p+qnKcie9mHgZxq7igyEce+WKXbOnwIvEyUkF5Wh65U+3L2kSsgioIFp3HTuGXkoUcCpYVnITzWJCR2TAuoZGJGS6l06/y/CRUfo4kMpUBHiq/p5ISaj1OPRNZ0hgqOe9ifif100gOOulPIoTYBGdLQoSgUHiSVS4zxWjIMaGEKq4uRXTIVGEggm0ZEJw5l9eJK2T2nnNualXGtd5GkV0gA5RFTnoFDXQFWqiFqLoET2jV/RmPVkv1rv1MWstWPnMPvoD6+sHrLCifQ==</latexit>

s
K

moi

⇣

rmo<i

⌘

<latexit sha1_base64="TEHfIFWYNFymBdy4hOMMgNi9FCk=">AAACHHicbVBNS8NAEN34WetX1aOXxSLUS0mkoIKHghehlwrWFpoaNttNu3STDbsToYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbm+bHgGmz721paXlldWy9sFDe3tnd2S3v7d1omirIWlUKqjk80EzxiLeAgWCdWjIS+YG1/dDXx2w9MaS6jWxjHrBeSQcQDTgkYySvV9H3DS0MvlR7PMuwKFkAFu74U/VRluZNeTrwMY1fxwRBOvFLZrtpT4EXi5KSMcjS90qfblzQJWQRUEK27jh1DLyUKOBUsK7qJZjGhIzJgXUMjEjLdS6ffZfjYKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPdSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaNCE48y8vktZp9aLq3NTK9UaeRgEdoiNUQQ46Q3V0jZqohSh6RM/oFb1ZT9aL9W59zFqXrHzmAP2B9fUDdjCiXQ==</latexit><latexit sha1_base64="TEHfIFWYNFymBdy4hOMMgNi9FCk=">AAACHHicbVBNS8NAEN34WetX1aOXxSLUS0mkoIKHghehlwrWFpoaNttNu3STDbsToYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbm+bHgGmz721paXlldWy9sFDe3tnd2S3v7d1omirIWlUKqjk80EzxiLeAgWCdWjIS+YG1/dDXx2w9MaS6jWxjHrBeSQcQDTgkYySvV9H3DS0MvlR7PMuwKFkAFu74U/VRluZNeTrwMY1fxwRBOvFLZrtpT4EXi5KSMcjS90qfblzQJWQRUEK27jh1DLyUKOBUsK7qJZjGhIzJgXUMjEjLdS6ffZfjYKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPdSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaNCE48y8vktZp9aLq3NTK9UaeRgEdoiNUQQ46Q3V0jZqohSh6RM/oFb1ZT9aL9W59zFqXrHzmAP2B9fUDdjCiXQ==</latexit><latexit sha1_base64="TEHfIFWYNFymBdy4hOMMgNi9FCk=">AAACHHicbVBNS8NAEN34WetX1aOXxSLUS0mkoIKHghehlwrWFpoaNttNu3STDbsToYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbm+bHgGmz721paXlldWy9sFDe3tnd2S3v7d1omirIWlUKqjk80EzxiLeAgWCdWjIS+YG1/dDXx2w9MaS6jWxjHrBeSQcQDTgkYySvV9H3DS0MvlR7PMuwKFkAFu74U/VRluZNeTrwMY1fxwRBOvFLZrtpT4EXi5KSMcjS90qfblzQJWQRUEK27jh1DLyUKOBUsK7qJZjGhIzJgXUMjEjLdS6ffZfjYKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPdSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaNCE48y8vktZp9aLq3NTK9UaeRgEdoiNUQQ46Q3V0jZqohSh6RM/oFb1ZT9aL9W59zFqXrHzmAP2B9fUDdjCiXQ==</latexit><latexit sha1_base64="TEHfIFWYNFymBdy4hOMMgNi9FCk=">AAACHHicbVBNS8NAEN34WetX1aOXxSLUS0mkoIKHghehlwrWFpoaNttNu3STDbsToYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbm+bHgGmz721paXlldWy9sFDe3tnd2S3v7d1omirIWlUKqjk80EzxiLeAgWCdWjIS+YG1/dDXx2w9MaS6jWxjHrBeSQcQDTgkYySvV9H3DS0MvlR7PMuwKFkAFu74U/VRluZNeTrwMY1fxwRBOvFLZrtpT4EXi5KSMcjS90qfblzQJWQRUEK27jh1DLyUKOBUsK7qJZjGhIzJgXUMjEjLdS6ffZfjYKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPdSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaNCE48y8vktZp9aLq3NTK9UaeRgEdoiNUQQ46Q3V0jZqohSh6RM/oFb1ZT9aL9W59zFqXrHzmAP2B9fUDdjCiXQ==</latexit>
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FIGURES OF THE MODEL

V1 b1

b
1

moi
<latexit sha1_base64="khFMxWwj1mfcXUdBB7rNQr8Otg8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeCF8FLBWMLbQyb7bZduh9xd1MoIb/DiwcVr/4Zb/4bt20O2vpg4PHeDDPz4oRRbTzv2ymtrK6tb5Q3K1vbO7t71f2DBy1ThUmAJZOqHSNNGBUkMNQw0k4UQTxmpBWPrqd+a0yUplLcm0lCQo4GgvYpRsZKYfzoRxmPMhnRPI+qNa/uzeAuE78gNSjQjKpf3Z7EKSfCYIa07vheYsIMKUMxI3mlm2qSIDxCA9KxVCBOdJjNjs7dE6v03L5UtoRxZ+rviQxxrSc8tp0cmaFe9Kbif14nNf3LMKMiSQ0ReL6onzLXSHeagNujimDDJpYgrKi91cVDpBA2NqeKDcFffHmZBGf1q7p/d15r3BZplOEIjuEUfLiABtxAEwLA8ATP8Apvzth5cd6dj3lrySlmDuEPnM8fb2OSHA==</latexit><latexit sha1_base64="khFMxWwj1mfcXUdBB7rNQr8Otg8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeCF8FLBWMLbQyb7bZduh9xd1MoIb/DiwcVr/4Zb/4bt20O2vpg4PHeDDPz4oRRbTzv2ymtrK6tb5Q3K1vbO7t71f2DBy1ThUmAJZOqHSNNGBUkMNQw0k4UQTxmpBWPrqd+a0yUplLcm0lCQo4GgvYpRsZKYfzoRxmPMhnRPI+qNa/uzeAuE78gNSjQjKpf3Z7EKSfCYIa07vheYsIMKUMxI3mlm2qSIDxCA9KxVCBOdJjNjs7dE6v03L5UtoRxZ+rviQxxrSc8tp0cmaFe9Kbif14nNf3LMKMiSQ0ReL6onzLXSHeagNujimDDJpYgrKi91cVDpBA2NqeKDcFffHmZBGf1q7p/d15r3BZplOEIjuEUfLiABtxAEwLA8ATP8Apvzth5cd6dj3lrySlmDuEPnM8fb2OSHA==</latexit><latexit sha1_base64="khFMxWwj1mfcXUdBB7rNQr8Otg8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeCF8FLBWMLbQyb7bZduh9xd1MoIb/DiwcVr/4Zb/4bt20O2vpg4PHeDDPz4oRRbTzv2ymtrK6tb5Q3K1vbO7t71f2DBy1ThUmAJZOqHSNNGBUkMNQw0k4UQTxmpBWPrqd+a0yUplLcm0lCQo4GgvYpRsZKYfzoRxmPMhnRPI+qNa/uzeAuE78gNSjQjKpf3Z7EKSfCYIa07vheYsIMKUMxI3mlm2qSIDxCA9KxVCBOdJjNjs7dE6v03L5UtoRxZ+rviQxxrSc8tp0cmaFe9Kbif14nNf3LMKMiSQ0ReL6onzLXSHeagNujimDDJpYgrKi91cVDpBA2NqeKDcFffHmZBGf1q7p/d15r3BZplOEIjuEUfLiABtxAEwLA8ATP8Apvzth5cd6dj3lrySlmDuEPnM8fb2OSHA==</latexit><latexit sha1_base64="khFMxWwj1mfcXUdBB7rNQr8Otg8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeCF8FLBWMLbQyb7bZduh9xd1MoIb/DiwcVr/4Zb/4bt20O2vpg4PHeDDPz4oRRbTzv2ymtrK6tb5Q3K1vbO7t71f2DBy1ThUmAJZOqHSNNGBUkMNQw0k4UQTxmpBWPrqd+a0yUplLcm0lCQo4GgvYpRsZKYfzoRxmPMhnRPI+qNa/uzeAuE78gNSjQjKpf3Z7EKSfCYIa07vheYsIMKUMxI3mlm2qSIDxCA9KxVCBOdJjNjs7dE6v03L5UtoRxZ+rviQxxrSc8tp0cmaFe9Kbif14nNf3LMKMiSQ0ReL6onzLXSHeagNujimDDJpYgrKi91cVDpBA2NqeKDcFffHmZBGf1q7p/d15r3BZplOEIjuEUfLiABtxAEwLA8ATP8Apvzth5cd6dj3lrySlmDuEPnM8fb2OSHA==</latexit>

V
1

moi
,:

<latexit sha1_base64="6/wzl1Pz+AiS40dOdQg4tQAE2hI=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXEhJRPCxKrgR3FQwbaGNYTKZtENnMmFmIpSQjb/ixoWKW3/DnX/jtM1CWw9cOJxzL/feE6aMKu0439bC4tLyymplrbq+sbm1be/stpTIJCYeFkzITogUYTQhnqaakU4qCeIhI+1weD32249EKiqSez1Kic9RP6ExxUgbKbD3e6FgUd4qHtwg50EuAlqcwKsisGtO3ZkAzhO3JDVQohnYX71I4IyTRGOGlOq6Tqr9HElNMSNFtZcpkiI8RH3SNTRBnCg/nzxQwCOjRDAW0lSi4UT9PZEjrtSIh6aTIz1Qs95Y/M/rZjq+8HOapJkmCZ4uijMGtYDjNGBEJcGajQxBWFJzK8QDJBHWJrOqCcGdfXmeeKf1y7p7d1Zr3JZpVMABOATHwAXnoAFuQBN4AIMCPINX8GY9WS/Wu/UxbV2wypk98AfW5w/RaZYg</latexit><latexit sha1_base64="6/wzl1Pz+AiS40dOdQg4tQAE2hI=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXEhJRPCxKrgR3FQwbaGNYTKZtENnMmFmIpSQjb/ixoWKW3/DnX/jtM1CWw9cOJxzL/feE6aMKu0439bC4tLyymplrbq+sbm1be/stpTIJCYeFkzITogUYTQhnqaakU4qCeIhI+1weD32249EKiqSez1Kic9RP6ExxUgbKbD3e6FgUd4qHtwg50EuAlqcwKsisGtO3ZkAzhO3JDVQohnYX71I4IyTRGOGlOq6Tqr9HElNMSNFtZcpkiI8RH3SNTRBnCg/nzxQwCOjRDAW0lSi4UT9PZEjrtSIh6aTIz1Qs95Y/M/rZjq+8HOapJkmCZ4uijMGtYDjNGBEJcGajQxBWFJzK8QDJBHWJrOqCcGdfXmeeKf1y7p7d1Zr3JZpVMABOATHwAXnoAFuQBN4AIMCPINX8GY9WS/Wu/UxbV2wypk98AfW5w/RaZYg</latexit><latexit sha1_base64="6/wzl1Pz+AiS40dOdQg4tQAE2hI=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXEhJRPCxKrgR3FQwbaGNYTKZtENnMmFmIpSQjb/ixoWKW3/DnX/jtM1CWw9cOJxzL/feE6aMKu0439bC4tLyymplrbq+sbm1be/stpTIJCYeFkzITogUYTQhnqaakU4qCeIhI+1weD32249EKiqSez1Kic9RP6ExxUgbKbD3e6FgUd4qHtwg50EuAlqcwKsisGtO3ZkAzhO3JDVQohnYX71I4IyTRGOGlOq6Tqr9HElNMSNFtZcpkiI8RH3SNTRBnCg/nzxQwCOjRDAW0lSi4UT9PZEjrtSIh6aTIz1Qs95Y/M/rZjq+8HOapJkmCZ4uijMGtYDjNGBEJcGajQxBWFJzK8QDJBHWJrOqCcGdfXmeeKf1y7p7d1Zr3JZpVMABOATHwAXnoAFuQBN4AIMCPINX8GY9WS/Wu/UxbV2wypk98AfW5w/RaZYg</latexit><latexit sha1_base64="6/wzl1Pz+AiS40dOdQg4tQAE2hI=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXEhJRPCxKrgR3FQwbaGNYTKZtENnMmFmIpSQjb/ixoWKW3/DnX/jtM1CWw9cOJxzL/feE6aMKu0439bC4tLyymplrbq+sbm1be/stpTIJCYeFkzITogUYTQhnqaakU4qCeIhI+1weD32249EKiqSez1Kic9RP6ExxUgbKbD3e6FgUd4qHtwg50EuAlqcwKsisGtO3ZkAzhO3JDVQohnYX71I4IyTRGOGlOq6Tqr9HElNMSNFtZcpkiI8RH3SNTRBnCg/nzxQwCOjRDAW0lSi4UT9PZEjrtSIh6aTIz1Qs95Y/M/rZjq+8HOapJkmCZ4uijMGtYDjNGBEJcGajQxBWFJzK8QDJBHWJrOqCcGdfXmeeKf1y7p7d1Zr3JZpVMABOATHwAXnoAFuQBN4AIMCPINX8GY9WS/Wu/UxbV2wypk98AfW5w/RaZYg</latexit>
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+V
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h

⇣

rmo<i

⌘

<latexit sha1_base64="LHhK5VPbhS1xg2EMwUUBfHHGwMc="></latexit><latexit sha1_base64="LHhK5VPbhS1xg2EMwUUBfHHGwMc="></latexit><latexit sha1_base64="LHhK5VPbhS1xg2EMwUUBfHHGwMc="></latexit><latexit sha1_base64="LHhK5VPbhS1xg2EMwUUBfHHGwMc="></latexit>

… …

s
1

moi

⇣

rmo<i

⌘

<latexit sha1_base64="dEuQ73sOOGlAJordFhBO/PRTXnQ=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu63vHS0MvlR7PMuwKFkAVu74U/VRluZNeTLwMY1fxwRCOvXLFrtlT4EXi5KSCcjS98qfblzQJWQRUEK27jh1DLyUKOBUsK7mJZjGhIzJgXUMjEjLdS6ffZfjIKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPVSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaMiE48y8vktZJ7bzm3NQrjes8jSI6QIeoihx0ihroCjVRC1H0iJ7RK3qznqwX6936mLUWrHxmH/2B9fUDSeiiQw==</latexit><latexit sha1_base64="dEuQ73sOOGlAJordFhBO/PRTXnQ=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu63vHS0MvlR7PMuwKFkAVu74U/VRluZNeTLwMY1fxwRCOvXLFrtlT4EXi5KSCcjS98qfblzQJWQRUEK27jh1DLyUKOBUsK7mJZjGhIzJgXUMjEjLdS6ffZfjIKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPVSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaMiE48y8vktZJ7bzm3NQrjes8jSI6QIeoihx0ihroCjVRC1H0iJ7RK3qznqwX6936mLUWrHxmH/2B9fUDSeiiQw==</latexit><latexit sha1_base64="dEuQ73sOOGlAJordFhBO/PRTXnQ=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu63vHS0MvlR7PMuwKFkAVu74U/VRluZNeTLwMY1fxwRCOvXLFrtlT4EXi5KSCcjS98qfblzQJWQRUEK27jh1DLyUKOBUsK7mJZjGhIzJgXUMjEjLdS6ffZfjIKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPVSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaMiE48y8vktZJ7bzm3NQrjes8jSI6QIeoihx0ihroCjVRC1H0iJ7RK3qznqwX6936mLUWrHxmH/2B9fUDSeiiQw==</latexit><latexit sha1_base64="dEuQ73sOOGlAJordFhBO/PRTXnQ=">AAACHHicbVBNS8NAEN3Ur1q/qh69LBahXkoiBRU8FLwIXipYW2hq2Gw37dJNNuxOhBLyR7z4V7x4UPHiQfDfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwtLyyulZcL21sbm3vlHf37rRMFGUtKoVUHZ9oJnjEWsBBsE6sGAl9wdr+6HLitx+Y0lxGtzCOWS8kg4gHnBIwkleu63vHS0MvlR7PMuwKFkAVu74U/VRluZNeTLwMY1fxwRCOvXLFrtlT4EXi5KSCcjS98qfblzQJWQRUEK27jh1DLyUKOBUsK7mJZjGhIzJgXUMjEjLdS6ffZfjIKH0cSGUqAjxVf0+kJNR6HPqmMyQw1PPeRPzP6yYQnPVSHsUJsIjOFgWJwCDxJCrc54pREGNDCFXc3IrpkChCwQRaMiE48y8vktZJ7bzm3NQrjes8jSI6QIeoihx0ihroCjVRC1H0iJ7RK3qznqwX6936mLUWrHxmH/2B9fUDSeiiQw==</latexit>
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Then, we can calculate                                   by softmax.

It can be viewed as single-hidden-layer MLP.
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• At fist, the authors used timestamps to make order.

• The benchmark datasets (e.g,. Movielens, Netflix) contains timestamps information.

• They found that a random order works well in practice.

• For fair comparison with other algorithms.

• There was no significant difference from using timestamp information.

• The order has to be prefixed before training.

THE ORDER OF THE RATINGS
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• Training phase:

• Test phase:

• Given a user’s past behavior r =                                      .

• The user’s rating of new item m* can be predicted as:

• where

TEST PHASE FOR BASIC MODEL
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• 2 kinds of weight sharing in this paper.

• Between users

• Between ratings

• Between users:

• The CF (Collaborative Filtering) has sparsity problem.

• The training data of CF problem is too sparse.

• W, K, c, b are shared between users.

• Between ratings:

• Share weighs between different ratings. Why? and How?

WEIGHT SHARING
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• Why?

• Some items may not be rated much.

• Items that are less rated are less optimized.

• To enhance optimization of items that are less rated

• How? using other weights of other ratings.

WEIGHT SHARING BETWEEN RATINGS

[ Basic model ] [ Weight sharing between ratings ]
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• When calculating the parameter of rating k in weight sharing,  
the parameters of rating 1, ... , k of the basic model are added.

• It is a kind of regularization,  
which encourages the model to use as many parameters as possible to 
explain the data.

WHY WEIGHT SHARING BETWEEN RATINGS WORKS?
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• In the basic model, we use softmax function to calculate cost.

• We call it as regular cost Creg.

• However, rating data has ordinal nature.

• If user u want to give the movie m 4-star score,  
the PMF by ordinal cost is more reasonable compared to that by regular cost.

• Ordinal cost could be calculated by ranking loss.

REGULAR COST CREG AND ORDINAL COST CORD
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• What is ordinal nature?

• Suppose                 .

• the ranking of preferences over all the possible ratings can be expressed as:

•                  denotes the preference of rating k over k-1.

• It is used by multiplying two ranking losses (kind of heuristic I think).

• To capture this ordinal nature: 

ORDINAL COST CORD

regular to ordinal
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• 1. Ordinal cost is inspired by Xia et al (2008) [4].

• 2. the equation of PMF by ordinal cost is not PMF. 

• We have to normalize!

• 3. the ordinal cost can not always capture ordinal nature. 

• ex. s1, s2, s3, s4, s5 = 1, 2.7, 2, 3, 1

SOME NOTES FOR ORDINAL COST CORD
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• Let hybrid cost:  

• CF-NADE: the basic model.

• CF-NADE-S: the basic model with shared parameters.

THE EFFECTS OF ORDINAL COST

• The model with weight sharing 
outperforms the basic model.

• The ordinal cost outperforms 
the regular cost.
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• The basic CF-NADE model can be viewed as single-hidden-layer MLP.

• To make CF-NADE model be deep,  
all we need is to define the relation between hidden layers.

• This architecture is adopted from Uria et al. (2014), which makes original NADE be 
deep networks [5].

MAKE CF-NADE BE DEEP

The basic model of CF-NADE
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• Training deep networks is difficult compared to training the basic model.

• It has the quite large numbers of free parameters.

• This paper suggest 2 tricks to handle the situation training deep networks.

• 1. Data augmentation

• 2. Reduction of free parameters in the networks.

TO TRAIN DEEP NETWORKS
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• As I mentioned earlier, a random order works well in practice.

• Different order is an different instantiation of CF-NADE for the same user.

• This is key to extend CF-NADE to a deep model.

• Training all possible orderings:

• Given a context           , CF-NADE be equally good at modeling         .

• Cost function is rewritten as:

DATA AUGMENTATION

C = Eo2O
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• Too many parameters…

•  

• Netflix dataset, M=17700, H=500, K=5, then 89 million free parameters.

• Weight decay and dropout is ok, but… 

• Solution: Factorize W, V by a product of 2 low-rank matrices.

• e.g. J=50, M=17700, H=500, K=5, then only 9-million free parameters  
for Netflix dataset.

• Is this the best way? I think there is better way to make scalability.

REDUCTION OF FREE PARAMETERS

k 2 {1, 2, ...,K}
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• Metric: 

•      is the i-th true rating and      is the predicted rating by the model.

• S is the total number of ratings in the test set.

• 90% training set and 10% test set.

• Benchmark dataset:

EXPERIMENTS

ri
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r̃i
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dataset #Users #Items #Scales #Ratings

Movielens 100k 1000 1700 5 105

Movielens 1M 6040 3952 5 106

Movielens 10M 71567 10681 10 107

Netflix 480189 17770 5 108
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• The model described in previous slides are user-based model.

• We model rating vectors of user: ru.

• Similary, item-based CF-NADE model rating vectors of item: ri.

• Some CF papers said item-based CF model outperforms user-based CF.

USER-BASED VS. ITEM-BASED
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• In Movielens 1M dataset, CF-NADE outperforms all state-of-arts algorithms.

• The double hidden layer model outperforms single hidden layer model.

• Item based CF model outperforms user based CF model.

EXPERIMENT RESULTS - MOVIELENS 1M
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• CF-NADE shows the best performance even on the larger data sets.

• Now, it is one of the best performing algorithms except MRMA (NIPS 2017).

• MRMA model is not deep networks, but a matrix factorization based model.

• They didn’t use item based CF-NADE because of the computational issue.

• I think that the performance will be better if we use item-based CF-NADE model.

EXPERIMENT RESULTS - OTHER DATASETS
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• At first, the RBM-CF paper [9] said that item based CF model outperforms 
user based CF model.

• The AAE paper [8], AutoRec [7] and CF-NADE [2] paper presented the 
experimental results supporting the claim.

• There are pros and cons: performance vs computational cost. 

• Why item based model outperforms user based model?

• The AutoRec [7] paper said that 

• The average number of ratings per item is much more than those per user

• It is inconsistent with the experimental results with movie lens 100k data of 
other papers.

• High variance in the number of user ratings leads to less reliable prediction for 
user-based methods.

ITEM-BASED VS USER-BASED
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• tSNE of the representations of the movies on Movielens 1M dataset.

VISUALIZATION OF THE LEARNED MODEL

RED: Documentary
BLUE: Children’s
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• They picked 5 most similar movies of the left side movies

COSINE SIMILARITIES OF THE W VECTOR

Star Trek VI:  
The Undiscovered Country

Star Trek III:  
The Search for Spock

Star Trek:  
Generations

Star Trek:  
Insurrection

Star Trek:  
First Contact

Star Trek IV:  
The Voyage Home

The Lion King Aladdin
Beauty and 
the Beast

The Little  
Mermaid

A Bug’s Life Lady and the Tramp
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• CF-NADE:

• An efficient and powerful architecture for CF tasks.

• Sharing parameters is a good way to improve performance.

• Better scalability by factorization.

• Can be extended to a deep version and performs well.

• Ordinal cost for rating data

• Meaningful representations

• Source code at: https://github.com/Ian09/CF-NADE 

CONCLUSION

https://github.com/Ian09/CF-NADE


• Implicit Feedback vs Explicit Feedback

• The recommendation using the implicit feedback data (e.g., click or view).

• Generally, implicit feedback problem is more difficult than explicit feedback 
problem.

• Because, the view or click can not tell the positive preference.

• Implicit CF-NADE [6]:

• where t is implicit feedback data and c is confidence level.
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A FOLLOW-UP STUDY
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