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• Let                                                      are matrices.

• Low-rank Matrix Factorization Problem:  
We know only 1% of entries in R, how to complete low-rank matrix R?

• Optimization form:

LOW-RANK MATRIX FACTORIZATION (LRMF)

R U VT≒ xm m

n

n
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r

R 2 R
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• In vanilla Low-rank Matrix Factorization Problem,  
a solution find one pair of U and V (single model).

• To enhance performance of single model,  
we can use ensemble methods. 

• We can say some algorithm is low-rank matrix approximation  
when it finds multiple low-rank matrices to complete final matrix.

• For example,

• [ICML’13] LLoRMA: Local Low-rank Matrix Approximation

• [NIPS’17] MRMA: Mixture Rank Matrix Approximation

• [AAAI’17] GLOMA: Global Information in Local Matrix Approximation

• [ICML’16] SMA: Low-rank Matrix Approximation with Stability

LOW-RANK MATRIX APPROXIMATION
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• The Matrix R we have to complete is very sparse.

• We only know less than 1% of total entries. 

• Thus, single out-of-distribution entry  
may significantly change the entire matrix.

• For example, 

• Nowadays, due to the data poisoning attack, stability is becoming more 
important.

• Data Poisoning Attack on Collaborative Filtering [NIPS’16, ’18]:  
Promote and demote specific items by creating many accounts that.

MOTIVATION OF THIS PAPER



1 1

2 ?

�

=



1

2

�

⇥

⇥

1 1
⇤

<latexit sha1_base64="8fmmBna+sU9of3gbsx7yA7IA1kw="></latexit><latexit sha1_base64="8fmmBna+sU9of3gbsx7yA7IA1kw="></latexit><latexit sha1_base64="8fmmBna+sU9of3gbsx7yA7IA1kw="></latexit><latexit sha1_base64="8fmmBna+sU9of3gbsx7yA7IA1kw="></latexit>



1 4

2 ?

�

=



1

2

�

⇥

⇥

1 4
⇤

<latexit sha1_base64="hFXaPK74Z0k1muWfXYLuWvrtG5Q="></latexit><latexit sha1_base64="hFXaPK74Z0k1muWfXYLuWvrtG5Q="></latexit><latexit sha1_base64="hFXaPK74Z0k1muWfXYLuWvrtG5Q="></latexit><latexit sha1_base64="hFXaPK74Z0k1muWfXYLuWvrtG5Q="></latexit>

2 8



�7

• [NIPS’07] Probabilistic Matrix Factorization 

• To handle noise by adding regularization terms

• Generalization error is too high.

• Koren handle stability issue by cross validation.

• Cross-validation technique have drawback that the amount of data available for 
model learning is reduced.

• [ICML’13] LLoRMA suggested ensemble technique.

• Ensemble methods are computationally expensive due to the training sub models.

• →This paper will suggests stable ensemble method  
    which is not computationally expensive.

EXISTING WORKS

R̂ = argmax
U,V

Loss(R,UV T ) + �(kUk2F + kV k2F )
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• To suggest stable matrix approximation method: SMA

• First introduce the stability notion in LRMA.

• Develop theoretical guidelines for deriving LRMA solutions with high stability.

• Formulate a new optimization problem for achieving stable LRMA

• Develop a stochastic gradient descent method to solve the new optimization 
problem. 

• Show effectiveness in real datasets (Movielens, Netflix)

• The key contributions

• (1) First introduces the stability concept in LRMA.

• (2) Proposes a stable LRMA algorithm with high stability and high generalization 
performance.

• (3) Makes significant improvement in prediction accuracy.

OVERVIEW OF THIS PAPER



�10

• Replacing one element in the training set  
does not result in significant change to the algorithm’s output  
in a stable learning algorithm. 

• Bousquet & Elisseeff (2001), Lan et al., (2008) London et al., (2013) demonstrated.

• Var[ Training error ] is small.

• Training error ≈ Test error

• This paper introduce this concepts to LRMA algorithm.

WHAT IS ALGORITHMIC STABILITY?
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• Root Mean Square Error (RMSE) is a common evaluation metric for 
recommendation tasks.

STABILITY W.R.T. MATRIX APPROXIMATION

Definition 1

✏ > 0
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<latexit sha1_base64="sslk9RwIEpldAT1pPe97pE9FMIM=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1FvBiyepxdhCE8tmu2mX7m7C7kYoIScv/hUvHlS8+h+8+W/ctDlo64OBx3szzMwLE0aVdpxva2FxaXlltbJWXd/Y3Nq2d3bvVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRZeG3H4hUNBa3epyQgKOBoBHFSBupZx+0oE8F9DnSwzDMWvl9xqGvKScKirxn15y6MwGcJ25JaqBEs2d/+f0Yp5wIjRlSqus6iQ4yJDXFjORVP1UkQXiEBqRrqEBmT5BN3sjhkVH6MIqlKaHhRP09kSGu1JiHprM4V816hfif1011dB5kVCSpJgJPF0UpgzqGRSawTyXBmo0NQVhScyvEQyQR1ia5qgnBnX15nngn9Yu6e3Naa1yXaVTAPjgEx8AFZ6ABrkATeACDR/AMXsGb9WS9WO/Wx7R1wSpn9sAfWJ8/Bu2YdQ==</latexit><latexit sha1_base64="sslk9RwIEpldAT1pPe97pE9FMIM=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1FvBiyepxdhCE8tmu2mX7m7C7kYoIScv/hUvHlS8+h+8+W/ctDlo64OBx3szzMwLE0aVdpxva2FxaXlltbJWXd/Y3Nq2d3bvVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRZeG3H4hUNBa3epyQgKOBoBHFSBupZx+0oE8F9DnSwzDMWvl9xqGvKScKirxn15y6MwGcJ25JaqBEs2d/+f0Yp5wIjRlSqus6iQ4yJDXFjORVP1UkQXiEBqRrqEBmT5BN3sjhkVH6MIqlKaHhRP09kSGu1JiHprM4V816hfif1011dB5kVCSpJgJPF0UpgzqGRSawTyXBmo0NQVhScyvEQyQR1ia5qgnBnX15nngn9Yu6e3Naa1yXaVTAPjgEx8AFZ6ABrkATeACDR/AMXsGb9WS9WO/Wx7R1wSpn9sAfWJ8/Bu2YdQ==</latexit><latexit sha1_base64="sslk9RwIEpldAT1pPe97pE9FMIM=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1FvBiyepxdhCE8tmu2mX7m7C7kYoIScv/hUvHlS8+h+8+W/ctDlo64OBx3szzMwLE0aVdpxva2FxaXlltbJWXd/Y3Nq2d3bvVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRZeG3H4hUNBa3epyQgKOBoBHFSBupZx+0oE8F9DnSwzDMWvl9xqGvKScKirxn15y6MwGcJ25JaqBEs2d/+f0Yp5wIjRlSqus6iQ4yJDXFjORVP1UkQXiEBqRrqEBmT5BN3sjhkVH6MIqlKaHhRP09kSGu1JiHprM4V816hfif1011dB5kVCSpJgJPF0UpgzqGRSawTyXBmo0NQVhScyvEQyQR1ia5qgnBnX15nngn9Yu6e3Naa1yXaVTAPjgEx8AFZ6ABrkATeACDR/AMXsGb9WS9WO/Wx7R1wSpn9sAfWJ8/Bu2YdQ==</latexit><latexit sha1_base64="sslk9RwIEpldAT1pPe97pE9FMIM=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1FvBiyepxdhCE8tmu2mX7m7C7kYoIScv/hUvHlS8+h+8+W/ctDlo64OBx3szzMwLE0aVdpxva2FxaXlltbJWXd/Y3Nq2d3bvVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRZeG3H4hUNBa3epyQgKOBoBHFSBupZx+0oE8F9DnSwzDMWvl9xqGvKScKirxn15y6MwGcJ25JaqBEs2d/+f0Yp5wIjRlSqus6iQ4yJDXFjORVP1UkQXiEBqRrqEBmT5BN3sjhkVH6MIqlKaHhRP09kSGu1JiHprM4V816hfif1011dB5kVCSpJgJPF0UpgzqGRSawTyXBmo0NQVhScyvEQyQR1ia5qgnBnX15nngn9Yu6e3Naa1yXaVTAPjgEx8AFZ6ABrkATeACDR/AMXsGb9WS9WO/Wx7R1wSpn9sAfWJ8/Bu2YdQ==</latexit>

⌦
<latexit sha1_base64="agbmhSsAgboSTdDWRjG0AUj+MBI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxpBDcJJEuYnUySMfNYZmaFsOQfvHhQ8eoHefNvnCR70MSChqKqm+6uOOHMWN//9gorq2vrG8XN0tb2zu5eef+gYVSqCQ2J4kq3YmwoZ5KGlllOW4mmWMScNuPR9dRvPlFtmJIPdpzQSOCBZH1GsHVSo3Mn6AB3yxW/6s+AlkmQkwrkqHfLX52eIqmg0hKOjWkHfmKjDGvLCKeTUic1NMFkhAe07ajEgpoom107QSdO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T+vndr+ZZQxmaSWSjJf1E85sgpNX0c9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLJDyrXlWD+/NK7TZPowhHcAynEMAF1OAG6hACgUd4hld485T34r17H/PWgpfPHMIfeJ8/z1KO2w==</latexit><latexit sha1_base64="agbmhSsAgboSTdDWRjG0AUj+MBI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxpBDcJJEuYnUySMfNYZmaFsOQfvHhQ8eoHefNvnCR70MSChqKqm+6uOOHMWN//9gorq2vrG8XN0tb2zu5eef+gYVSqCQ2J4kq3YmwoZ5KGlllOW4mmWMScNuPR9dRvPlFtmJIPdpzQSOCBZH1GsHVSo3Mn6AB3yxW/6s+AlkmQkwrkqHfLX52eIqmg0hKOjWkHfmKjDGvLCKeTUic1NMFkhAe07ajEgpoom107QSdO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T+vndr+ZZQxmaSWSjJf1E85sgpNX0c9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLJDyrXlWD+/NK7TZPowhHcAynEMAF1OAG6hACgUd4hld485T34r17H/PWgpfPHMIfeJ8/z1KO2w==</latexit><latexit sha1_base64="agbmhSsAgboSTdDWRjG0AUj+MBI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxpBDcJJEuYnUySMfNYZmaFsOQfvHhQ8eoHefNvnCR70MSChqKqm+6uOOHMWN//9gorq2vrG8XN0tb2zu5eef+gYVSqCQ2J4kq3YmwoZ5KGlllOW4mmWMScNuPR9dRvPlFtmJIPdpzQSOCBZH1GsHVSo3Mn6AB3yxW/6s+AlkmQkwrkqHfLX52eIqmg0hKOjWkHfmKjDGvLCKeTUic1NMFkhAe07ajEgpoom107QSdO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T+vndr+ZZQxmaSWSjJf1E85sgpNX0c9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLJDyrXlWD+/NK7TZPowhHcAynEMAF1OAG6hACgUd4hld485T34r17H/PWgpfPHMIfeJ8/z1KO2w==</latexit><latexit sha1_base64="agbmhSsAgboSTdDWRjG0AUj+MBI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxpBDcJJEuYnUySMfNYZmaFsOQfvHhQ8eoHefNvnCR70MSChqKqm+6uOOHMWN//9gorq2vrG8XN0tb2zu5eef+gYVSqCQ2J4kq3YmwoZ5KGlllOW4mmWMScNuPR9dRvPlFtmJIPdpzQSOCBZH1GsHVSo3Mn6AB3yxW/6s+AlkmQkwrkqHfLX52eIqmg0hKOjWkHfmKjDGvLCKeTUic1NMFkhAe07ajEgpoom107QSdO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T+vndr+ZZQxmaSWSjJf1E85sgpNX0c9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLJDyrXlWD+/NK7TZPowhHcAynEMAF1OAG6hACgUd4hld485T34r17H/PWgpfPHMIfeJ8/z1KO2w==</latexit>
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� 1� �
<latexit sha1_base64="Av8TbVB0mX8JUkaZQLZ9rkgd3js="></latexit><latexit sha1_base64="Av8TbVB0mX8JUkaZQLZ9rkgd3js="></latexit><latexit sha1_base64="Av8TbVB0mX8JUkaZQLZ9rkgd3js="></latexit><latexit sha1_base64="Av8TbVB0mX8JUkaZQLZ9rkgd3js="></latexit>

• For any                  ,  Choose a subset of entries     from R uniformly.

• For a given         ,              is   -stable if 
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<latexit sha1_base64="aQk8wv1/k4TwoPH079+doz/vwEE="></latexit><latexit sha1_base64="aQk8wv1/k4TwoPH079+doz/vwEE="></latexit><latexit sha1_base64="aQk8wv1/k4TwoPH079+doz/vwEE="></latexit><latexit sha1_base64="aQk8wv1/k4TwoPH079+doz/vwEE="></latexit>

• The generalization error is bounded with high probability.

• Minimizing the training error will induce minimizing test error.



• For any                  ,  Choose a subset of entries     from R uniformly.

• For a given         ,              is   -stable if 

�12

• For example,

• Any two subsets of entries              from R.

• Approximating R by       is     -stable.

• Approximating R by       is     -stable.

•                is more stable than                if               .

• Minimizing                leads higher generalization performance than               .

• Smaller    means more stable.

STABILITY W.R.T. MATRIX APPROXIMATION

Definition 1

✏ > 0
<latexit sha1_base64="EK8aTj5hVMNDTeSmn5dh1LKi4z8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoF6k4MWTVHBtobuUbDptQ7NJSLJCWfo3vHhQ8eqv8ea/MW33oK0PBh7vzTAzL1GcGev7315pZXVtfaO8Wdna3tndq+4fPBqZaQohlVzqdkIMcCYgtMxyaCsNJE04tJLRzdRvPYE2TIoHO1YQp2QgWJ9RYp0URaAM41Lga+x3qzW/7s+Al0lQkBoq0OxWv6KepFkKwlJOjOkEvrJxTrRllMOkEmUGFKEjMoCOo4KkYOJ8dvMEnzilh/tSuxIWz9TfEzlJjRmnietMiR2aRW8q/ud1Mtu/jHMmVGZB0PmifsaxlXgaAO4xDdTysSOEauZuxXRINKHWxVRxIQSLLy+T8Kx+VQ/uz2uNuyKNMjpCx+gUBegCNdAtaqIQUaTQM3pFb17mvXjv3se8teQVM4foD7zPH2UrkNY=</latexit><latexit sha1_base64="EK8aTj5hVMNDTeSmn5dh1LKi4z8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoF6k4MWTVHBtobuUbDptQ7NJSLJCWfo3vHhQ8eqv8ea/MW33oK0PBh7vzTAzL1GcGev7315pZXVtfaO8Wdna3tndq+4fPBqZaQohlVzqdkIMcCYgtMxyaCsNJE04tJLRzdRvPYE2TIoHO1YQp2QgWJ9RYp0URaAM41Lga+x3qzW/7s+Al0lQkBoq0OxWv6KepFkKwlJOjOkEvrJxTrRllMOkEmUGFKEjMoCOo4KkYOJ8dvMEnzilh/tSuxIWz9TfEzlJjRmnietMiR2aRW8q/ud1Mtu/jHMmVGZB0PmifsaxlXgaAO4xDdTysSOEauZuxXRINKHWxVRxIQSLLy+T8Kx+VQ/uz2uNuyKNMjpCx+gUBegCNdAtaqIQUaTQM3pFb17mvXjv3se8teQVM4foD7zPH2UrkNY=</latexit><latexit sha1_base64="EK8aTj5hVMNDTeSmn5dh1LKi4z8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoF6k4MWTVHBtobuUbDptQ7NJSLJCWfo3vHhQ8eqv8ea/MW33oK0PBh7vzTAzL1GcGev7315pZXVtfaO8Wdna3tndq+4fPBqZaQohlVzqdkIMcCYgtMxyaCsNJE04tJLRzdRvPYE2TIoHO1YQp2QgWJ9RYp0URaAM41Lga+x3qzW/7s+Al0lQkBoq0OxWv6KepFkKwlJOjOkEvrJxTrRllMOkEmUGFKEjMoCOo4KkYOJ8dvMEnzilh/tSuxIWz9TfEzlJjRmnietMiR2aRW8q/ud1Mtu/jHMmVGZB0PmifsaxlXgaAO4xDdTysSOEauZuxXRINKHWxVRxIQSLLy+T8Kx+VQ/uz2uNuyKNMjpCx+gUBegCNdAtaqIQUaTQM3pFb17mvXjv3se8teQVM4foD7zPH2UrkNY=</latexit><latexit sha1_base64="EK8aTj5hVMNDTeSmn5dh1LKi4z8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoF6k4MWTVHBtobuUbDptQ7NJSLJCWfo3vHhQ8eqv8ea/MW33oK0PBh7vzTAzL1GcGev7315pZXVtfaO8Wdna3tndq+4fPBqZaQohlVzqdkIMcCYgtMxyaCsNJE04tJLRzdRvPYE2TIoHO1YQp2QgWJ9RYp0URaAM41Lga+x3qzW/7s+Al0lQkBoq0OxWv6KepFkKwlJOjOkEvrJxTrRllMOkEmUGFKEjMoCOo4KkYOJ8dvMEnzilh/tSuxIWz9TfEzlJjRmnietMiR2aRW8q/ud1Mtu/jHMmVGZB0PmifsaxlXgaAO4xDdTysSOEauZuxXRINKHWxVRxIQSLLy+T8Kx+VQ/uz2uNuyKNMjpCx+gUBegCNdAtaqIQUaTQM3pFb17mvXjv3se8teQVM4foD7zPH2UrkNY=</latexit>

D⌦(R̂)
<latexit sha1_base64="dhb9scYYPkvAOc+mIZfYx7/K7+I=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoN4KevCkVYwtNKFMttt26eaD3Y1QQm5e/CtePKh49Td489+4aXPQ1gcDj/dmmJnnx5xJZVnfxtz8wuLScmmlvLq2vrFpbm3fyygRhDok4pFo+SApZyF1FFOctmJBIfA5bfrD89xvPlAhWRTeqVFMvQD6IesxAkpLHXPPDUANCPD0Iuuk7nVA+5DhqjsAld5mhx2zYtWsMfAssQtSQQUaHfPL7UYkCWioCAcp27YVKy8FoRjhNCu7iaQxkCH0aVvTEAIqvXT8R4YPtNLFvUjoChUeq78nUgikHAW+7syvltNeLv7ntRPVO/VSFsaJoiGZLOolHKsI56HgLhOUKD7SBIhg+lZMBiCAKB1dWYdgT788S5yj2lnNvjmu1K+KNEpoF+2jKrLRCaqjS9RADiLoET2jV/RmPBkvxrvxMWmdM4qZHfQHxucPLdKZGQ==</latexit><latexit sha1_base64="dhb9scYYPkvAOc+mIZfYx7/K7+I=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoN4KevCkVYwtNKFMttt26eaD3Y1QQm5e/CtePKh49Td489+4aXPQ1gcDj/dmmJnnx5xJZVnfxtz8wuLScmmlvLq2vrFpbm3fyygRhDok4pFo+SApZyF1FFOctmJBIfA5bfrD89xvPlAhWRTeqVFMvQD6IesxAkpLHXPPDUANCPD0Iuuk7nVA+5DhqjsAld5mhx2zYtWsMfAssQtSQQUaHfPL7UYkCWioCAcp27YVKy8FoRjhNCu7iaQxkCH0aVvTEAIqvXT8R4YPtNLFvUjoChUeq78nUgikHAW+7syvltNeLv7ntRPVO/VSFsaJoiGZLOolHKsI56HgLhOUKD7SBIhg+lZMBiCAKB1dWYdgT788S5yj2lnNvjmu1K+KNEpoF+2jKrLRCaqjS9RADiLoET2jV/RmPBkvxrvxMWmdM4qZHfQHxucPLdKZGQ==</latexit><latexit sha1_base64="dhb9scYYPkvAOc+mIZfYx7/K7+I=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoN4KevCkVYwtNKFMttt26eaD3Y1QQm5e/CtePKh49Td489+4aXPQ1gcDj/dmmJnnx5xJZVnfxtz8wuLScmmlvLq2vrFpbm3fyygRhDok4pFo+SApZyF1FFOctmJBIfA5bfrD89xvPlAhWRTeqVFMvQD6IesxAkpLHXPPDUANCPD0Iuuk7nVA+5DhqjsAld5mhx2zYtWsMfAssQtSQQUaHfPL7UYkCWioCAcp27YVKy8FoRjhNCu7iaQxkCH0aVvTEAIqvXT8R4YPtNLFvUjoChUeq78nUgikHAW+7syvltNeLv7ntRPVO/VSFsaJoiGZLOolHKsI56HgLhOUKD7SBIhg+lZMBiCAKB1dWYdgT788S5yj2lnNvjmu1K+KNEpoF+2jKrLRCaqjS9RADiLoET2jV/RmPBkvxrvxMWmdM4qZHfQHxucPLdKZGQ==</latexit><latexit sha1_base64="dhb9scYYPkvAOc+mIZfYx7/K7+I=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoN4KevCkVYwtNKFMttt26eaD3Y1QQm5e/CtePKh49Td489+4aXPQ1gcDj/dmmJnnx5xJZVnfxtz8wuLScmmlvLq2vrFpbm3fyygRhDok4pFo+SApZyF1FFOctmJBIfA5bfrD89xvPlAhWRTeqVFMvQD6IesxAkpLHXPPDUANCPD0Iuuk7nVA+5DhqjsAld5mhx2zYtWsMfAssQtSQQUaHfPL7UYkCWioCAcp27YVKy8FoRjhNCu7iaQxkCH0aVvTEAIqvXT8R4YPtNLFvUjoChUeq78nUgikHAW+7syvltNeLv7ntRPVO/VSFsaJoiGZLOolHKsI56HgLhOUKD7SBIhg+lZMBiCAKB1dWYdgT788S5yj2lnNvjmu1K+KNEpoF+2jKrLRCaqjS9RADiLoET2jV/RmPBkvxrvxMWmdM4qZHfQHxucPLdKZGQ==</latexit>

�
<latexit sha1_base64="QgoXApz6KqNFCjhGtZFWYEuhv2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz2bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJPCoOt+Oyura+sbm6Wt8vbO7t5+5eCwadJcM+6zVKa6HVLDpVDcR4GStzPNaRJK3gqHN1O/9cS1Eal6wFHGg4T2lYgFo2ilZjfiEmmvUnVr7gxkmXgFqUKBRq/y1Y1SlidcIZPUmI7nZhiMqUbBJJ+Uu7nhGWVD2ucdSxVNuAnGs2sn5NQqEYlTbUshmam/J8Y0MWaUhLYzoTgwi95U/M/r5BhfBWOhshy5YvNFcS4JpmT6OomE5gzlyBLKtLC3EjagmjK0AZVtCN7iy8vEP69d17z7i2r9rkijBMdwAmfgwSXU4RYa4AODR3iGV3hzUufFeXc+5q0rTjFzBH/gfP4AAZuO/A==</latexit><latexit sha1_base64="QgoXApz6KqNFCjhGtZFWYEuhv2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz2bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJPCoOt+Oyura+sbm6Wt8vbO7t5+5eCwadJcM+6zVKa6HVLDpVDcR4GStzPNaRJK3gqHN1O/9cS1Eal6wFHGg4T2lYgFo2ilZjfiEmmvUnVr7gxkmXgFqUKBRq/y1Y1SlidcIZPUmI7nZhiMqUbBJJ+Uu7nhGWVD2ucdSxVNuAnGs2sn5NQqEYlTbUshmam/J8Y0MWaUhLYzoTgwi95U/M/r5BhfBWOhshy5YvNFcS4JpmT6OomE5gzlyBLKtLC3EjagmjK0AZVtCN7iy8vEP69d17z7i2r9rkijBMdwAmfgwSXU4RYa4AODR3iGV3hzUufFeXc+5q0rTjFzBH/gfP4AAZuO/A==</latexit><latexit sha1_base64="QgoXApz6KqNFCjhGtZFWYEuhv2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz2bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJPCoOt+Oyura+sbm6Wt8vbO7t5+5eCwadJcM+6zVKa6HVLDpVDcR4GStzPNaRJK3gqHN1O/9cS1Eal6wFHGg4T2lYgFo2ilZjfiEmmvUnVr7gxkmXgFqUKBRq/y1Y1SlidcIZPUmI7nZhiMqUbBJJ+Uu7nhGWVD2ucdSxVNuAnGs2sn5NQqEYlTbUshmam/J8Y0MWaUhLYzoTgwi95U/M/r5BhfBWOhshy5YvNFcS4JpmT6OomE5gzlyBLKtLC3EjagmjK0AZVtCN7iy8vEP69d17z7i2r9rkijBMdwAmfgwSXU4RYa4AODR3iGV3hzUufFeXc+5q0rTjFzBH/gfP4AAZuO/A==</latexit><latexit sha1_base64="QgoXApz6KqNFCjhGtZFWYEuhv2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz2bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJPCoOt+Oyura+sbm6Wt8vbO7t5+5eCwadJcM+6zVKa6HVLDpVDcR4GStzPNaRJK3gqHN1O/9cS1Eal6wFHGg4T2lYgFo2ilZjfiEmmvUnVr7gxkmXgFqUKBRq/y1Y1SlidcIZPUmI7nZhiMqUbBJJ+Uu7nhGWVD2ucdSxVNuAnGs2sn5NQqEYlTbUshmam/J8Y0MWaUhLYzoTgwi95U/M/r5BhfBWOhshy5YvNFcS4JpmT6OomE5gzlyBLKtLC3EjagmjK0AZVtCN7iy8vEP69d17z7i2r9rkijBMdwAmfgwSXU4RYa4AODR3iGV3hzUufFeXc+5q0rTjFzBH/gfP4AAZuO/A==</latexit>

R 2 R
m⇥n

<latexit sha1_base64="sslk9RwIEpldAT1pPe97pE9FMIM=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1FvBiyepxdhCE8tmu2mX7m7C7kYoIScv/hUvHlS8+h+8+W/ctDlo64OBx3szzMwLE0aVdpxva2FxaXlltbJWXd/Y3Nq2d3bvVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRZeG3H4hUNBa3epyQgKOBoBHFSBupZx+0oE8F9DnSwzDMWvl9xqGvKScKirxn15y6MwGcJ25JaqBEs2d/+f0Yp5wIjRlSqus6iQ4yJDXFjORVP1UkQXiEBqRrqEBmT5BN3sjhkVH6MIqlKaHhRP09kSGu1JiHprM4V816hfif1011dB5kVCSpJgJPF0UpgzqGRSawTyXBmo0NQVhScyvEQyQR1ia5qgnBnX15nngn9Yu6e3Naa1yXaVTAPjgEx8AFZ6ABrkATeACDR/AMXsGb9WS9WO/Wx7R1wSpn9sAfWJ8/Bu2YdQ==</latexit><latexit sha1_base64="sslk9RwIEpldAT1pPe97pE9FMIM=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1FvBiyepxdhCE8tmu2mX7m7C7kYoIScv/hUvHlS8+h+8+W/ctDlo64OBx3szzMwLE0aVdpxva2FxaXlltbJWXd/Y3Nq2d3bvVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRZeG3H4hUNBa3epyQgKOBoBHFSBupZx+0oE8F9DnSwzDMWvl9xqGvKScKirxn15y6MwGcJ25JaqBEs2d/+f0Yp5wIjRlSqus6iQ4yJDXFjORVP1UkQXiEBqRrqEBmT5BN3sjhkVH6MIqlKaHhRP09kSGu1JiHprM4V816hfif1011dB5kVCSpJgJPF0UpgzqGRSawTyXBmo0NQVhScyvEQyQR1ia5qgnBnX15nngn9Yu6e3Naa1yXaVTAPjgEx8AFZ6ABrkATeACDR/AMXsGb9WS9WO/Wx7R1wSpn9sAfWJ8/Bu2YdQ==</latexit><latexit sha1_base64="sslk9RwIEpldAT1pPe97pE9FMIM=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1FvBiyepxdhCE8tmu2mX7m7C7kYoIScv/hUvHlS8+h+8+W/ctDlo64OBx3szzMwLE0aVdpxva2FxaXlltbJWXd/Y3Nq2d3bvVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRZeG3H4hUNBa3epyQgKOBoBHFSBupZx+0oE8F9DnSwzDMWvl9xqGvKScKirxn15y6MwGcJ25JaqBEs2d/+f0Yp5wIjRlSqus6iQ4yJDXFjORVP1UkQXiEBqRrqEBmT5BN3sjhkVH6MIqlKaHhRP09kSGu1JiHprM4V816hfif1011dB5kVCSpJgJPF0UpgzqGRSawTyXBmo0NQVhScyvEQyQR1ia5qgnBnX15nngn9Yu6e3Naa1yXaVTAPjgEx8AFZ6ABrkATeACDR/AMXsGb9WS9WO/Wx7R1wSpn9sAfWJ8/Bu2YdQ==</latexit><latexit sha1_base64="sslk9RwIEpldAT1pPe97pE9FMIM=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1FvBiyepxdhCE8tmu2mX7m7C7kYoIScv/hUvHlS8+h+8+W/ctDlo64OBx3szzMwLE0aVdpxva2FxaXlltbJWXd/Y3Nq2d3bvVJxKTDwcs1h2QqQIo4J4mmpGOokkiIeMtMPRZeG3H4hUNBa3epyQgKOBoBHFSBupZx+0oE8F9DnSwzDMWvl9xqGvKScKirxn15y6MwGcJ25JaqBEs2d/+f0Yp5wIjRlSqus6iQ4yJDXFjORVP1UkQXiEBqRrqEBmT5BN3sjhkVH6MIqlKaHhRP09kSGu1JiHprM4V816hfif1011dB5kVCSpJgJPF0UpgzqGRSawTyXBmo0NQVhScyvEQyQR1ia5qgnBnX15nngn9Yu6e3Naa1yXaVTAPjgEx8AFZ6ABrkATeACDR/AMXsGb9WS9WO/Wx7R1wSpn9sAfWJ8/Bu2YdQ==</latexit>

⌦
<latexit sha1_base64="agbmhSsAgboSTdDWRjG0AUj+MBI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxpBDcJJEuYnUySMfNYZmaFsOQfvHhQ8eoHefNvnCR70MSChqKqm+6uOOHMWN//9gorq2vrG8XN0tb2zu5eef+gYVSqCQ2J4kq3YmwoZ5KGlllOW4mmWMScNuPR9dRvPlFtmJIPdpzQSOCBZH1GsHVSo3Mn6AB3yxW/6s+AlkmQkwrkqHfLX52eIqmg0hKOjWkHfmKjDGvLCKeTUic1NMFkhAe07ajEgpoom107QSdO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T+vndr+ZZQxmaSWSjJf1E85sgpNX0c9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLJDyrXlWD+/NK7TZPowhHcAynEMAF1OAG6hACgUd4hld485T34r17H/PWgpfPHMIfeJ8/z1KO2w==</latexit><latexit sha1_base64="agbmhSsAgboSTdDWRjG0AUj+MBI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxpBDcJJEuYnUySMfNYZmaFsOQfvHhQ8eoHefNvnCR70MSChqKqm+6uOOHMWN//9gorq2vrG8XN0tb2zu5eef+gYVSqCQ2J4kq3YmwoZ5KGlllOW4mmWMScNuPR9dRvPlFtmJIPdpzQSOCBZH1GsHVSo3Mn6AB3yxW/6s+AlkmQkwrkqHfLX52eIqmg0hKOjWkHfmKjDGvLCKeTUic1NMFkhAe07ajEgpoom107QSdO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T+vndr+ZZQxmaSWSjJf1E85sgpNX0c9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLJDyrXlWD+/NK7TZPowhHcAynEMAF1OAG6hACgUd4hld485T34r17H/PWgpfPHMIfeJ8/z1KO2w==</latexit><latexit sha1_base64="agbmhSsAgboSTdDWRjG0AUj+MBI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxpBDcJJEuYnUySMfNYZmaFsOQfvHhQ8eoHefNvnCR70MSChqKqm+6uOOHMWN//9gorq2vrG8XN0tb2zu5eef+gYVSqCQ2J4kq3YmwoZ5KGlllOW4mmWMScNuPR9dRvPlFtmJIPdpzQSOCBZH1GsHVSo3Mn6AB3yxW/6s+AlkmQkwrkqHfLX52eIqmg0hKOjWkHfmKjDGvLCKeTUic1NMFkhAe07ajEgpoom107QSdO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T+vndr+ZZQxmaSWSjJf1E85sgpNX0c9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLJDyrXlWD+/NK7TZPowhHcAynEMAF1OAG6hACgUd4hld485T34r17H/PWgpfPHMIfeJ8/z1KO2w==</latexit><latexit sha1_base64="agbmhSsAgboSTdDWRjG0AUj+MBI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxpBDcJJEuYnUySMfNYZmaFsOQfvHhQ8eoHefNvnCR70MSChqKqm+6uOOHMWN//9gorq2vrG8XN0tb2zu5eef+gYVSqCQ2J4kq3YmwoZ5KGlllOW4mmWMScNuPR9dRvPlFtmJIPdpzQSOCBZH1GsHVSo3Mn6AB3yxW/6s+AlkmQkwrkqHfLX52eIqmg0hKOjWkHfmKjDGvLCKeTUic1NMFkhAe07ajEgpoom107QSdO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T+vndr+ZZQxmaSWSjJf1E85sgpNX0c9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLJDyrXlWD+/NK7TZPowhHcAynEMAF1OAG6hACgUd4hld485T34r17H/PWgpfPHMIfeJ8/z1KO2w==</latexit>

Pr
h

|D(R̂)�D⌦(R̂)|  ✏

i

� 1� �
<latexit sha1_base64="Av8TbVB0mX8JUkaZQLZ9rkgd3js="></latexit><latexit sha1_base64="Av8TbVB0mX8JUkaZQLZ9rkgd3js="></latexit><latexit sha1_base64="Av8TbVB0mX8JUkaZQLZ9rkgd3js="></latexit><latexit sha1_base64="Av8TbVB0mX8JUkaZQLZ9rkgd3js="></latexit>

⌦1,⌦2
<latexit sha1_base64="djSEq8WIRopm68oeW6J+aWUap7c=">AAAB+3icbZDNSsNAFIVv6l+tf9Eu3QwWwYWUpAjqruDGlVYwttCGMJlO2qEzSZiZCKHUV3HjQsWtL+LOt3HaZqGtBwY+zr2Xe+eEKWdKO863VVpZXVvfKG9WtrZ3dvfs/YMHlWSSUI8kPJGdECvKWUw9zTSnnVRSLEJO2+HoalpvP1KpWBLf6zylvsCDmEWMYG2swK72bgUd4MA9RQU1UGDXnLozE1oGt4AaFGoF9levn5BM0FgTjpXquk6q/TGWmhFOJ5VepmiKyQgPaNdgjAVV/nh2/AQdG6ePokSaF2s0c39PjLFQKheh6RRYD9VibWr+V+tmOrrwxyxOM01jMl8UZRzpBE2TQH0mKdE8N4CJZOZWRIZYYqJNXhUTgrv45WXwGvXLunt3VmveFGmU4RCO4ARcOIcmXEMLPCCQwzO8wpv1ZL1Y79bHvLVkFTNV+CPr8wcjLZNg</latexit><latexit sha1_base64="djSEq8WIRopm68oeW6J+aWUap7c=">AAAB+3icbZDNSsNAFIVv6l+tf9Eu3QwWwYWUpAjqruDGlVYwttCGMJlO2qEzSZiZCKHUV3HjQsWtL+LOt3HaZqGtBwY+zr2Xe+eEKWdKO863VVpZXVvfKG9WtrZ3dvfs/YMHlWSSUI8kPJGdECvKWUw9zTSnnVRSLEJO2+HoalpvP1KpWBLf6zylvsCDmEWMYG2swK72bgUd4MA9RQU1UGDXnLozE1oGt4AaFGoF9levn5BM0FgTjpXquk6q/TGWmhFOJ5VepmiKyQgPaNdgjAVV/nh2/AQdG6ePokSaF2s0c39PjLFQKheh6RRYD9VibWr+V+tmOrrwxyxOM01jMl8UZRzpBE2TQH0mKdE8N4CJZOZWRIZYYqJNXhUTgrv45WXwGvXLunt3VmveFGmU4RCO4ARcOIcmXEMLPCCQwzO8wpv1ZL1Y79bHvLVkFTNV+CPr8wcjLZNg</latexit><latexit sha1_base64="djSEq8WIRopm68oeW6J+aWUap7c=">AAAB+3icbZDNSsNAFIVv6l+tf9Eu3QwWwYWUpAjqruDGlVYwttCGMJlO2qEzSZiZCKHUV3HjQsWtL+LOt3HaZqGtBwY+zr2Xe+eEKWdKO863VVpZXVvfKG9WtrZ3dvfs/YMHlWSSUI8kPJGdECvKWUw9zTSnnVRSLEJO2+HoalpvP1KpWBLf6zylvsCDmEWMYG2swK72bgUd4MA9RQU1UGDXnLozE1oGt4AaFGoF9levn5BM0FgTjpXquk6q/TGWmhFOJ5VepmiKyQgPaNdgjAVV/nh2/AQdG6ePokSaF2s0c39PjLFQKheh6RRYD9VibWr+V+tmOrrwxyxOM01jMl8UZRzpBE2TQH0mKdE8N4CJZOZWRIZYYqJNXhUTgrv45WXwGvXLunt3VmveFGmU4RCO4ARcOIcmXEMLPCCQwzO8wpv1ZL1Y79bHvLVkFTNV+CPr8wcjLZNg</latexit><latexit sha1_base64="djSEq8WIRopm68oeW6J+aWUap7c=">AAAB+3icbZDNSsNAFIVv6l+tf9Eu3QwWwYWUpAjqruDGlVYwttCGMJlO2qEzSZiZCKHUV3HjQsWtL+LOt3HaZqGtBwY+zr2Xe+eEKWdKO863VVpZXVvfKG9WtrZ3dvfs/YMHlWSSUI8kPJGdECvKWUw9zTSnnVRSLEJO2+HoalpvP1KpWBLf6zylvsCDmEWMYG2swK72bgUd4MA9RQU1UGDXnLozE1oGt4AaFGoF9levn5BM0FgTjpXquk6q/TGWmhFOJ5VepmiKyQgPaNdgjAVV/nh2/AQdG6ePokSaF2s0c39PjLFQKheh6RRYD9VibWr+V+tmOrrwxyxOM01jMl8UZRzpBE2TQH0mKdE8N4CJZOZWRIZYYqJNXhUTgrv45WXwGvXLunt3VmveFGmU4RCO4ARcOIcmXEMLPCCQwzO8wpv1ZL1Y79bHvLVkFTNV+CPr8wcjLZNg</latexit>

⌦1
<latexit sha1_base64="21qhuM6em4zvLM3OBaofEUYXGAM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL560grGVNpTNdtIu3U3C7kYoob/CiwcVr/4db/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7evU4yxdBniUhUO6QaBY/RN9wIbKcKqQwFtsLR5dRvPaLSPInvzDjFQNJBzCPOqLHSQ/dG4oD2PNKr1ty6OwP5S7yC1KBAs1f97PYTlkmMDRNU647npibIqTKcCZxUupnGlLIRHWDH0phK1EE+O3hCjqzSJ1GibMWGzNSfEzmVWo9laDslNUO96E3F/7xOZqLzIOdxmhmM2XxRlAliEjL9nvS5QmbE2BLKFLe3EjakijJjM6rYELzFl/8S/6R+UfduT2uN6yKNMhzAIRyDB2fQgCtogg8MJDzBC7w6ynl23pz3eWvJKWb24Recj29QC4+p</latexit><latexit sha1_base64="21qhuM6em4zvLM3OBaofEUYXGAM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL560grGVNpTNdtIu3U3C7kYoob/CiwcVr/4db/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7evU4yxdBniUhUO6QaBY/RN9wIbKcKqQwFtsLR5dRvPaLSPInvzDjFQNJBzCPOqLHSQ/dG4oD2PNKr1ty6OwP5S7yC1KBAs1f97PYTlkmMDRNU647npibIqTKcCZxUupnGlLIRHWDH0phK1EE+O3hCjqzSJ1GibMWGzNSfEzmVWo9laDslNUO96E3F/7xOZqLzIOdxmhmM2XxRlAliEjL9nvS5QmbE2BLKFLe3EjakijJjM6rYELzFl/8S/6R+UfduT2uN6yKNMhzAIRyDB2fQgCtogg8MJDzBC7w6ynl23pz3eWvJKWb24Recj29QC4+p</latexit><latexit sha1_base64="21qhuM6em4zvLM3OBaofEUYXGAM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL560grGVNpTNdtIu3U3C7kYoob/CiwcVr/4db/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7evU4yxdBniUhUO6QaBY/RN9wIbKcKqQwFtsLR5dRvPaLSPInvzDjFQNJBzCPOqLHSQ/dG4oD2PNKr1ty6OwP5S7yC1KBAs1f97PYTlkmMDRNU647npibIqTKcCZxUupnGlLIRHWDH0phK1EE+O3hCjqzSJ1GibMWGzNSfEzmVWo9laDslNUO96E3F/7xOZqLzIOdxmhmM2XxRlAliEjL9nvS5QmbE2BLKFLe3EjakijJjM6rYELzFl/8S/6R+UfduT2uN6yKNMhzAIRyDB2fQgCtogg8MJDzBC7w6ynl23pz3eWvJKWb24Recj29QC4+p</latexit><latexit sha1_base64="21qhuM6em4zvLM3OBaofEUYXGAM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL560grGVNpTNdtIu3U3C7kYoob/CiwcVr/4db/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7evU4yxdBniUhUO6QaBY/RN9wIbKcKqQwFtsLR5dRvPaLSPInvzDjFQNJBzCPOqLHSQ/dG4oD2PNKr1ty6OwP5S7yC1KBAs1f97PYTlkmMDRNU647npibIqTKcCZxUupnGlLIRHWDH0phK1EE+O3hCjqzSJ1GibMWGzNSfEzmVWo9laDslNUO96E3F/7xOZqLzIOdxmhmM2XxRlAliEjL9nvS5QmbE2BLKFLe3EjakijJjM6rYELzFl/8S/6R+UfduT2uN6yKNMhzAIRyDB2fQgCtogg8MJDzBC7w6ynl23pz3eWvJKWb24Recj29QC4+p</latexit>

�1
<latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit>

�2
<latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit>

⌦2
<latexit sha1_base64="drMJ4dVQLan0RXEser8hAzBMV9E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjxpBWMLbSib7aRdupvE3Y1QQv+EFw8qXv093vw3bj8O2vpg4PHeDDPzwlRwbVz32ymsrK6tbxQ3S1vbO7t75f2DB51kiqHPEpGoVkg1Ch6jb7gR2EoVUhkKbIbDq4nffEKleRLfm1GKgaT9mEecUWOlVudWYp92a91yxa26U5Bl4s1JBeZodMtfnV7CMomxYYJq3fbc1AQ5VYYzgeNSJ9OYUjakfWxbGlOJOsin947JiVV6JEqUrdiQqfp7IqdS65EMbaekZqAXvYn4n9fOTHQR5DxOM4Mxmy2KMkFMQibPkx5XyIwYWUKZ4vZWwgZUUWZsRCUbgrf48jLxa9XLqnd3VqnfzNMowhEcwyl4cA51uIYG+MBAwDO8wpvz6Lw4787HrLXgzGcO4Q+czx/5WY+A</latexit><latexit sha1_base64="drMJ4dVQLan0RXEser8hAzBMV9E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjxpBWMLbSib7aRdupvE3Y1QQv+EFw8qXv093vw3bj8O2vpg4PHeDDPzwlRwbVz32ymsrK6tbxQ3S1vbO7t75f2DB51kiqHPEpGoVkg1Ch6jb7gR2EoVUhkKbIbDq4nffEKleRLfm1GKgaT9mEecUWOlVudWYp92a91yxa26U5Bl4s1JBeZodMtfnV7CMomxYYJq3fbc1AQ5VYYzgeNSJ9OYUjakfWxbGlOJOsin947JiVV6JEqUrdiQqfp7IqdS65EMbaekZqAXvYn4n9fOTHQR5DxOM4Mxmy2KMkFMQibPkx5XyIwYWUKZ4vZWwgZUUWZsRCUbgrf48jLxa9XLqnd3VqnfzNMowhEcwyl4cA51uIYG+MBAwDO8wpvz6Lw4787HrLXgzGcO4Q+czx/5WY+A</latexit><latexit sha1_base64="drMJ4dVQLan0RXEser8hAzBMV9E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjxpBWMLbSib7aRdupvE3Y1QQv+EFw8qXv093vw3bj8O2vpg4PHeDDPzwlRwbVz32ymsrK6tbxQ3S1vbO7t75f2DB51kiqHPEpGoVkg1Ch6jb7gR2EoVUhkKbIbDq4nffEKleRLfm1GKgaT9mEecUWOlVudWYp92a91yxa26U5Bl4s1JBeZodMtfnV7CMomxYYJq3fbc1AQ5VYYzgeNSJ9OYUjakfWxbGlOJOsin947JiVV6JEqUrdiQqfp7IqdS65EMbaekZqAXvYn4n9fOTHQR5DxOM4Mxmy2KMkFMQibPkx5XyIwYWUKZ4vZWwgZUUWZsRCUbgrf48jLxa9XLqnd3VqnfzNMowhEcwyl4cA51uIYG+MBAwDO8wpvz6Lw4787HrLXgzGcO4Q+czx/5WY+A</latexit><latexit sha1_base64="drMJ4dVQLan0RXEser8hAzBMV9E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjxpBWMLbSib7aRdupvE3Y1QQv+EFw8qXv093vw3bj8O2vpg4PHeDDPzwlRwbVz32ymsrK6tbxQ3S1vbO7t75f2DB51kiqHPEpGoVkg1Ch6jb7gR2EoVUhkKbIbDq4nffEKleRLfm1GKgaT9mEecUWOlVudWYp92a91yxa26U5Bl4s1JBeZodMtfnV7CMomxYYJq3fbc1AQ5VYYzgeNSJ9OYUjakfWxbGlOJOsin947JiVV6JEqUrdiQqfp7IqdS65EMbaekZqAXvYn4n9fOTHQR5DxOM4Mxmy2KMkFMQibPkx5XyIwYWUKZ4vZWwgZUUWZsRCUbgrf48jLxa9XLqnd3VqnfzNMowhEcwyl4cA51uIYG+MBAwDO8wpvz6Lw4787HrLXgzGcO4Q+czx/5WY+A</latexit>

D⌦1
(R̂)

<latexit sha1_base64="VXE/lsrp45zV5KyyQ6xNJd/Lx4Q=">AAACCXicbVBNS8NAEN34WetX1aOX1SLUS0lEUG8FPXjSKtYWmhAm2027dDcJuxuhhJy9+Fe8eFDx6j/w5r9x+3HQ1gcDj/dmmJkXJJwpbdvf1tz8wuLScmGluLq2vrFZ2tq+V3EqCW2QmMeyFYCinEW0oZnmtJVICiLgtBn0z4d+84FKxeLoTg8S6gnoRixkBLSR/NKeK0D3CPDsIvcz91rQLvhOjituD3R2mx9iv1S2q/YIeJY4E1JGE9T90pfbiUkqaKQJB6Xajp1oLwOpGeE0L7qpogmQPnRp29AIBFVeNnolxwdG6eAwlqYijUfq74kMhFIDEZjO4eFq2huK/3ntVIenXsaiJNU0IuNFYcqxjvEwF9xhkhLNB4YAkczcikkPJBBt0iuaEJzpl2dJ46h6VnVujsu1q0kaBbSL9lEFOegE1dAlqqMGIugRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx/JTpnn</latexit><latexit sha1_base64="VXE/lsrp45zV5KyyQ6xNJd/Lx4Q=">AAACCXicbVBNS8NAEN34WetX1aOX1SLUS0lEUG8FPXjSKtYWmhAm2027dDcJuxuhhJy9+Fe8eFDx6j/w5r9x+3HQ1gcDj/dmmJkXJJwpbdvf1tz8wuLScmGluLq2vrFZ2tq+V3EqCW2QmMeyFYCinEW0oZnmtJVICiLgtBn0z4d+84FKxeLoTg8S6gnoRixkBLSR/NKeK0D3CPDsIvcz91rQLvhOjituD3R2mx9iv1S2q/YIeJY4E1JGE9T90pfbiUkqaKQJB6Xajp1oLwOpGeE0L7qpogmQPnRp29AIBFVeNnolxwdG6eAwlqYijUfq74kMhFIDEZjO4eFq2huK/3ntVIenXsaiJNU0IuNFYcqxjvEwF9xhkhLNB4YAkczcikkPJBBt0iuaEJzpl2dJ46h6VnVujsu1q0kaBbSL9lEFOegE1dAlqqMGIugRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx/JTpnn</latexit><latexit sha1_base64="VXE/lsrp45zV5KyyQ6xNJd/Lx4Q=">AAACCXicbVBNS8NAEN34WetX1aOX1SLUS0lEUG8FPXjSKtYWmhAm2027dDcJuxuhhJy9+Fe8eFDx6j/w5r9x+3HQ1gcDj/dmmJkXJJwpbdvf1tz8wuLScmGluLq2vrFZ2tq+V3EqCW2QmMeyFYCinEW0oZnmtJVICiLgtBn0z4d+84FKxeLoTg8S6gnoRixkBLSR/NKeK0D3CPDsIvcz91rQLvhOjituD3R2mx9iv1S2q/YIeJY4E1JGE9T90pfbiUkqaKQJB6Xajp1oLwOpGeE0L7qpogmQPnRp29AIBFVeNnolxwdG6eAwlqYijUfq74kMhFIDEZjO4eFq2huK/3ntVIenXsaiJNU0IuNFYcqxjvEwF9xhkhLNB4YAkczcikkPJBBt0iuaEJzpl2dJ46h6VnVujsu1q0kaBbSL9lEFOegE1dAlqqMGIugRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx/JTpnn</latexit><latexit sha1_base64="VXE/lsrp45zV5KyyQ6xNJd/Lx4Q=">AAACCXicbVBNS8NAEN34WetX1aOX1SLUS0lEUG8FPXjSKtYWmhAm2027dDcJuxuhhJy9+Fe8eFDx6j/w5r9x+3HQ1gcDj/dmmJkXJJwpbdvf1tz8wuLScmGluLq2vrFZ2tq+V3EqCW2QmMeyFYCinEW0oZnmtJVICiLgtBn0z4d+84FKxeLoTg8S6gnoRixkBLSR/NKeK0D3CPDsIvcz91rQLvhOjituD3R2mx9iv1S2q/YIeJY4E1JGE9T90pfbiUkqaKQJB6Xajp1oLwOpGeE0L7qpogmQPnRp29AIBFVeNnolxwdG6eAwlqYijUfq74kMhFIDEZjO4eFq2huK/3ntVIenXsaiJNU0IuNFYcqxjvEwF9xhkhLNB4YAkczcikkPJBBt0iuaEJzpl2dJ46h6VnVujsu1q0kaBbSL9lEFOegE1dAlqqMGIugRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx/JTpnn</latexit>

D⌦2
(R̂)

<latexit sha1_base64="5KgrK6P6MIE4rc6nOkqhmJTFfLw=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0Wom5IUQd0VdOFKqxhbaEK4mU7boZMHMxOhhKzd+CtuXKi49Q/c+TdOHwttPXDhcM693HtPkHAmlWV9G4WFxaXlleJqaW19Y3PL3N65l3EqCHVIzGPRCkBSziLqKKY4bSWCQhhw2gwG5yO/+UCFZHF0p4YJ9ULoRazLCCgt+ea+G4LqE+DZRe5n7nVIe+DXclxx+6Cy2/wI+2bZqlpj4HliT0kZTdHwzS+3E5M0pJEiHKRs21aivAyEYoTTvOSmkiZABtCjbU0jCKn0svErOT7USgd3Y6ErUnis/p7IIJRyGAa6c3S4nPVG4n9eO1XdUy9jUZIqGpHJom7KsYrxKBfcYYISxYeaABFM34pJHwQQpdMr6RDs2ZfniVOrnlXtm+Ny/WqaRhHtoQNUQTY6QXV0iRrIQQQ9omf0it6MJ+PFeDc+Jq0FYzqzi/7A+PwByt2Z6A==</latexit><latexit sha1_base64="5KgrK6P6MIE4rc6nOkqhmJTFfLw=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0Wom5IUQd0VdOFKqxhbaEK4mU7boZMHMxOhhKzd+CtuXKi49Q/c+TdOHwttPXDhcM693HtPkHAmlWV9G4WFxaXlleJqaW19Y3PL3N65l3EqCHVIzGPRCkBSziLqKKY4bSWCQhhw2gwG5yO/+UCFZHF0p4YJ9ULoRazLCCgt+ea+G4LqE+DZRe5n7nVIe+DXclxx+6Cy2/wI+2bZqlpj4HliT0kZTdHwzS+3E5M0pJEiHKRs21aivAyEYoTTvOSmkiZABtCjbU0jCKn0svErOT7USgd3Y6ErUnis/p7IIJRyGAa6c3S4nPVG4n9eO1XdUy9jUZIqGpHJom7KsYrxKBfcYYISxYeaABFM34pJHwQQpdMr6RDs2ZfniVOrnlXtm+Ny/WqaRhHtoQNUQTY6QXV0iRrIQQQ9omf0it6MJ+PFeDc+Jq0FYzqzi/7A+PwByt2Z6A==</latexit><latexit sha1_base64="5KgrK6P6MIE4rc6nOkqhmJTFfLw=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0Wom5IUQd0VdOFKqxhbaEK4mU7boZMHMxOhhKzd+CtuXKi49Q/c+TdOHwttPXDhcM693HtPkHAmlWV9G4WFxaXlleJqaW19Y3PL3N65l3EqCHVIzGPRCkBSziLqKKY4bSWCQhhw2gwG5yO/+UCFZHF0p4YJ9ULoRazLCCgt+ea+G4LqE+DZRe5n7nVIe+DXclxx+6Cy2/wI+2bZqlpj4HliT0kZTdHwzS+3E5M0pJEiHKRs21aivAyEYoTTvOSmkiZABtCjbU0jCKn0svErOT7USgd3Y6ErUnis/p7IIJRyGAa6c3S4nPVG4n9eO1XdUy9jUZIqGpHJom7KsYrxKBfcYYISxYeaABFM34pJHwQQpdMr6RDs2ZfniVOrnlXtm+Ny/WqaRhHtoQNUQTY6QXV0iRrIQQQ9omf0it6MJ+PFeDc+Jq0FYzqzi/7A+PwByt2Z6A==</latexit><latexit sha1_base64="5KgrK6P6MIE4rc6nOkqhmJTFfLw=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0Wom5IUQd0VdOFKqxhbaEK4mU7boZMHMxOhhKzd+CtuXKi49Q/c+TdOHwttPXDhcM693HtPkHAmlWV9G4WFxaXlleJqaW19Y3PL3N65l3EqCHVIzGPRCkBSziLqKKY4bSWCQhhw2gwG5yO/+UCFZHF0p4YJ9ULoRazLCCgt+ea+G4LqE+DZRe5n7nVIe+DXclxx+6Cy2/wI+2bZqlpj4HliT0kZTdHwzS+3E5M0pJEiHKRs21aivAyEYoTTvOSmkiZABtCjbU0jCKn0svErOT7USgd3Y6ErUnis/p7IIJRyGAa6c3S4nPVG4n9eO1XdUy9jUZIqGpHJom7KsYrxKBfcYYISxYeaABFM34pJHwQQpdMr6RDs2ZfniVOrnlXtm+Ny/WqaRhHtoQNUQTY6QXV0iRrIQQQ9omf0it6MJ+PFeDc+Jq0FYzqzi/7A+PwByt2Z6A==</latexit>

�1 < �2
<latexit sha1_base64="xshyaFbB5XL6Sg1PaLMn7NrW7to=">AAAB+3icbZDNSsNAFIUn/tb6V+3SzWARXJWkCCq4KLhxJRWMLbQhTCaTduhkEmZuhBDqq7hxoeLWF3Hn2zhts9DWAwMf597LvXOCVHANtv1trayurW9sVraq2zu7e/u1g8MHnWSKMpcmIlG9gGgmuGQucBCslypG4kCwbjC+nta7j0xpnsh7yFPmxWQoecQpAWP5tfogZAKI7+ArXGLLrzXspj0TXganhAYq1fFrX4MwoVnMJFBBtO47dgpeQRRwKtikOsg0SwkdkyHrG5QkZtorZsdP8IlxQhwlyjwJeOb+nihIrHUeB6YzJjDSi7Wp+V+tn0F04RVcphkwSeeLokxgSPA0CRxyxSiI3AChiptbMR0RRSiYvKomBGfxy8vgtpqXTefurNG+LdOooCN0jE6Rg85RG92gDnIRRTl6Rq/ozXqyXqx362PeumKVM3X0R9bnD6Buk7I=</latexit><latexit sha1_base64="xshyaFbB5XL6Sg1PaLMn7NrW7to=">AAAB+3icbZDNSsNAFIUn/tb6V+3SzWARXJWkCCq4KLhxJRWMLbQhTCaTduhkEmZuhBDqq7hxoeLWF3Hn2zhts9DWAwMf597LvXOCVHANtv1trayurW9sVraq2zu7e/u1g8MHnWSKMpcmIlG9gGgmuGQucBCslypG4kCwbjC+nta7j0xpnsh7yFPmxWQoecQpAWP5tfogZAKI7+ArXGLLrzXspj0TXganhAYq1fFrX4MwoVnMJFBBtO47dgpeQRRwKtikOsg0SwkdkyHrG5QkZtorZsdP8IlxQhwlyjwJeOb+nihIrHUeB6YzJjDSi7Wp+V+tn0F04RVcphkwSeeLokxgSPA0CRxyxSiI3AChiptbMR0RRSiYvKomBGfxy8vgtpqXTefurNG+LdOooCN0jE6Rg85RG92gDnIRRTl6Rq/ozXqyXqx362PeumKVM3X0R9bnD6Buk7I=</latexit><latexit sha1_base64="xshyaFbB5XL6Sg1PaLMn7NrW7to=">AAAB+3icbZDNSsNAFIUn/tb6V+3SzWARXJWkCCq4KLhxJRWMLbQhTCaTduhkEmZuhBDqq7hxoeLWF3Hn2zhts9DWAwMf597LvXOCVHANtv1trayurW9sVraq2zu7e/u1g8MHnWSKMpcmIlG9gGgmuGQucBCslypG4kCwbjC+nta7j0xpnsh7yFPmxWQoecQpAWP5tfogZAKI7+ArXGLLrzXspj0TXganhAYq1fFrX4MwoVnMJFBBtO47dgpeQRRwKtikOsg0SwkdkyHrG5QkZtorZsdP8IlxQhwlyjwJeOb+nihIrHUeB6YzJjDSi7Wp+V+tn0F04RVcphkwSeeLokxgSPA0CRxyxSiI3AChiptbMR0RRSiYvKomBGfxy8vgtpqXTefurNG+LdOooCN0jE6Rg85RG92gDnIRRTl6Rq/ozXqyXqx362PeumKVM3X0R9bnD6Buk7I=</latexit><latexit sha1_base64="xshyaFbB5XL6Sg1PaLMn7NrW7to=">AAAB+3icbZDNSsNAFIUn/tb6V+3SzWARXJWkCCq4KLhxJRWMLbQhTCaTduhkEmZuhBDqq7hxoeLWF3Hn2zhts9DWAwMf597LvXOCVHANtv1trayurW9sVraq2zu7e/u1g8MHnWSKMpcmIlG9gGgmuGQucBCslypG4kCwbjC+nta7j0xpnsh7yFPmxWQoecQpAWP5tfogZAKI7+ArXGLLrzXspj0TXganhAYq1fFrX4MwoVnMJFBBtO47dgpeQRRwKtikOsg0SwkdkyHrG5QkZtorZsdP8IlxQhwlyjwJeOb+nihIrHUeB6YzJjDSi7Wp+V+tn0F04RVcphkwSeeLokxgSPA0CRxyxSiI3AChiptbMR0RRSiYvKomBGfxy8vgtpqXTefurNG+LdOooCN0jE6Rg85RG92gDnIRRTl6Rq/ozXqyXqx362PeumKVM3X0R9bnD6Buk7I=</latexit>D⌦1

(R̂)
<latexit sha1_base64="VXE/lsrp45zV5KyyQ6xNJd/Lx4Q=">AAACCXicbVBNS8NAEN34WetX1aOX1SLUS0lEUG8FPXjSKtYWmhAm2027dDcJuxuhhJy9+Fe8eFDx6j/w5r9x+3HQ1gcDj/dmmJkXJJwpbdvf1tz8wuLScmGluLq2vrFZ2tq+V3EqCW2QmMeyFYCinEW0oZnmtJVICiLgtBn0z4d+84FKxeLoTg8S6gnoRixkBLSR/NKeK0D3CPDsIvcz91rQLvhOjituD3R2mx9iv1S2q/YIeJY4E1JGE9T90pfbiUkqaKQJB6Xajp1oLwOpGeE0L7qpogmQPnRp29AIBFVeNnolxwdG6eAwlqYijUfq74kMhFIDEZjO4eFq2huK/3ntVIenXsaiJNU0IuNFYcqxjvEwF9xhkhLNB4YAkczcikkPJBBt0iuaEJzpl2dJ46h6VnVujsu1q0kaBbSL9lEFOegE1dAlqqMGIugRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx/JTpnn</latexit><latexit sha1_base64="VXE/lsrp45zV5KyyQ6xNJd/Lx4Q=">AAACCXicbVBNS8NAEN34WetX1aOX1SLUS0lEUG8FPXjSKtYWmhAm2027dDcJuxuhhJy9+Fe8eFDx6j/w5r9x+3HQ1gcDj/dmmJkXJJwpbdvf1tz8wuLScmGluLq2vrFZ2tq+V3EqCW2QmMeyFYCinEW0oZnmtJVICiLgtBn0z4d+84FKxeLoTg8S6gnoRixkBLSR/NKeK0D3CPDsIvcz91rQLvhOjituD3R2mx9iv1S2q/YIeJY4E1JGE9T90pfbiUkqaKQJB6Xajp1oLwOpGeE0L7qpogmQPnRp29AIBFVeNnolxwdG6eAwlqYijUfq74kMhFIDEZjO4eFq2huK/3ntVIenXsaiJNU0IuNFYcqxjvEwF9xhkhLNB4YAkczcikkPJBBt0iuaEJzpl2dJ46h6VnVujsu1q0kaBbSL9lEFOegE1dAlqqMGIugRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx/JTpnn</latexit><latexit sha1_base64="VXE/lsrp45zV5KyyQ6xNJd/Lx4Q=">AAACCXicbVBNS8NAEN34WetX1aOX1SLUS0lEUG8FPXjSKtYWmhAm2027dDcJuxuhhJy9+Fe8eFDx6j/w5r9x+3HQ1gcDj/dmmJkXJJwpbdvf1tz8wuLScmGluLq2vrFZ2tq+V3EqCW2QmMeyFYCinEW0oZnmtJVICiLgtBn0z4d+84FKxeLoTg8S6gnoRixkBLSR/NKeK0D3CPDsIvcz91rQLvhOjituD3R2mx9iv1S2q/YIeJY4E1JGE9T90pfbiUkqaKQJB6Xajp1oLwOpGeE0L7qpogmQPnRp29AIBFVeNnolxwdG6eAwlqYijUfq74kMhFIDEZjO4eFq2huK/3ntVIenXsaiJNU0IuNFYcqxjvEwF9xhkhLNB4YAkczcikkPJBBt0iuaEJzpl2dJ46h6VnVujsu1q0kaBbSL9lEFOegE1dAlqqMGIugRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx/JTpnn</latexit><latexit sha1_base64="VXE/lsrp45zV5KyyQ6xNJd/Lx4Q=">AAACCXicbVBNS8NAEN34WetX1aOX1SLUS0lEUG8FPXjSKtYWmhAm2027dDcJuxuhhJy9+Fe8eFDx6j/w5r9x+3HQ1gcDj/dmmJkXJJwpbdvf1tz8wuLScmGluLq2vrFZ2tq+V3EqCW2QmMeyFYCinEW0oZnmtJVICiLgtBn0z4d+84FKxeLoTg8S6gnoRixkBLSR/NKeK0D3CPDsIvcz91rQLvhOjituD3R2mx9iv1S2q/YIeJY4E1JGE9T90pfbiUkqaKQJB6Xajp1oLwOpGeE0L7qpogmQPnRp29AIBFVeNnolxwdG6eAwlqYijUfq74kMhFIDEZjO4eFq2huK/3ntVIenXsaiJNU0IuNFYcqxjvEwF9xhkhLNB4YAkczcikkPJBBt0iuaEJzpl2dJ46h6VnVujsu1q0kaBbSL9lEFOegE1dAlqqMGIugRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx/JTpnn</latexit>

D⌦2
(R̂)

<latexit sha1_base64="5KgrK6P6MIE4rc6nOkqhmJTFfLw=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0Wom5IUQd0VdOFKqxhbaEK4mU7boZMHMxOhhKzd+CtuXKi49Q/c+TdOHwttPXDhcM693HtPkHAmlWV9G4WFxaXlleJqaW19Y3PL3N65l3EqCHVIzGPRCkBSziLqKKY4bSWCQhhw2gwG5yO/+UCFZHF0p4YJ9ULoRazLCCgt+ea+G4LqE+DZRe5n7nVIe+DXclxx+6Cy2/wI+2bZqlpj4HliT0kZTdHwzS+3E5M0pJEiHKRs21aivAyEYoTTvOSmkiZABtCjbU0jCKn0svErOT7USgd3Y6ErUnis/p7IIJRyGAa6c3S4nPVG4n9eO1XdUy9jUZIqGpHJom7KsYrxKBfcYYISxYeaABFM34pJHwQQpdMr6RDs2ZfniVOrnlXtm+Ny/WqaRhHtoQNUQTY6QXV0iRrIQQQ9omf0it6MJ+PFeDc+Jq0FYzqzi/7A+PwByt2Z6A==</latexit><latexit sha1_base64="5KgrK6P6MIE4rc6nOkqhmJTFfLw=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0Wom5IUQd0VdOFKqxhbaEK4mU7boZMHMxOhhKzd+CtuXKi49Q/c+TdOHwttPXDhcM693HtPkHAmlWV9G4WFxaXlleJqaW19Y3PL3N65l3EqCHVIzGPRCkBSziLqKKY4bSWCQhhw2gwG5yO/+UCFZHF0p4YJ9ULoRazLCCgt+ea+G4LqE+DZRe5n7nVIe+DXclxx+6Cy2/wI+2bZqlpj4HliT0kZTdHwzS+3E5M0pJEiHKRs21aivAyEYoTTvOSmkiZABtCjbU0jCKn0svErOT7USgd3Y6ErUnis/p7IIJRyGAa6c3S4nPVG4n9eO1XdUy9jUZIqGpHJom7KsYrxKBfcYYISxYeaABFM34pJHwQQpdMr6RDs2ZfniVOrnlXtm+Ny/WqaRhHtoQNUQTY6QXV0iRrIQQQ9omf0it6MJ+PFeDc+Jq0FYzqzi/7A+PwByt2Z6A==</latexit><latexit sha1_base64="5KgrK6P6MIE4rc6nOkqhmJTFfLw=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0Wom5IUQd0VdOFKqxhbaEK4mU7boZMHMxOhhKzd+CtuXKi49Q/c+TdOHwttPXDhcM693HtPkHAmlWV9G4WFxaXlleJqaW19Y3PL3N65l3EqCHVIzGPRCkBSziLqKKY4bSWCQhhw2gwG5yO/+UCFZHF0p4YJ9ULoRazLCCgt+ea+G4LqE+DZRe5n7nVIe+DXclxx+6Cy2/wI+2bZqlpj4HliT0kZTdHwzS+3E5M0pJEiHKRs21aivAyEYoTTvOSmkiZABtCjbU0jCKn0svErOT7USgd3Y6ErUnis/p7IIJRyGAa6c3S4nPVG4n9eO1XdUy9jUZIqGpHJom7KsYrxKBfcYYISxYeaABFM34pJHwQQpdMr6RDs2ZfniVOrnlXtm+Ny/WqaRhHtoQNUQTY6QXV0iRrIQQQ9omf0it6MJ+PFeDc+Jq0FYzqzi/7A+PwByt2Z6A==</latexit><latexit sha1_base64="5KgrK6P6MIE4rc6nOkqhmJTFfLw=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0Wom5IUQd0VdOFKqxhbaEK4mU7boZMHMxOhhKzd+CtuXKi49Q/c+TdOHwttPXDhcM693HtPkHAmlWV9G4WFxaXlleJqaW19Y3PL3N65l3EqCHVIzGPRCkBSziLqKKY4bSWCQhhw2gwG5yO/+UCFZHF0p4YJ9ULoRazLCCgt+ea+G4LqE+DZRe5n7nVIe+DXclxx+6Cy2/wI+2bZqlpj4HliT0kZTdHwzS+3E5M0pJEiHKRs21aivAyEYoTTvOSmkiZABtCjbU0jCKn0svErOT7USgd3Y6ErUnis/p7IIJRyGAa6c3S4nPVG4n9eO1XdUy9jUZIqGpHJom7KsYrxKBfcYYISxYeaABFM34pJHwQQpdMr6RDs2ZfniVOrnlXtm+Ny/WqaRhHtoQNUQTY6QXV0iRrIQQQ9omf0it6MJ+PFeDc+Jq0FYzqzi/7A+PwByt2Z6A==</latexit>

�
<latexit sha1_base64="QgoXApz6KqNFCjhGtZFWYEuhv2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz2bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJPCoOt+Oyura+sbm6Wt8vbO7t5+5eCwadJcM+6zVKa6HVLDpVDcR4GStzPNaRJK3gqHN1O/9cS1Eal6wFHGg4T2lYgFo2ilZjfiEmmvUnVr7gxkmXgFqUKBRq/y1Y1SlidcIZPUmI7nZhiMqUbBJJ+Uu7nhGWVD2ucdSxVNuAnGs2sn5NQqEYlTbUshmam/J8Y0MWaUhLYzoTgwi95U/M/r5BhfBWOhshy5YvNFcS4JpmT6OomE5gzlyBLKtLC3EjagmjK0AZVtCN7iy8vEP69d17z7i2r9rkijBMdwAmfgwSXU4RYa4AODR3iGV3hzUufFeXc+5q0rTjFzBH/gfP4AAZuO/A==</latexit><latexit sha1_base64="QgoXApz6KqNFCjhGtZFWYEuhv2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz2bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJPCoOt+Oyura+sbm6Wt8vbO7t5+5eCwadJcM+6zVKa6HVLDpVDcR4GStzPNaRJK3gqHN1O/9cS1Eal6wFHGg4T2lYgFo2ilZjfiEmmvUnVr7gxkmXgFqUKBRq/y1Y1SlidcIZPUmI7nZhiMqUbBJJ+Uu7nhGWVD2ucdSxVNuAnGs2sn5NQqEYlTbUshmam/J8Y0MWaUhLYzoTgwi95U/M/r5BhfBWOhshy5YvNFcS4JpmT6OomE5gzlyBLKtLC3EjagmjK0AZVtCN7iy8vEP69d17z7i2r9rkijBMdwAmfgwSXU4RYa4AODR3iGV3hzUufFeXc+5q0rTjFzBH/gfP4AAZuO/A==</latexit><latexit sha1_base64="QgoXApz6KqNFCjhGtZFWYEuhv2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz2bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJPCoOt+Oyura+sbm6Wt8vbO7t5+5eCwadJcM+6zVKa6HVLDpVDcR4GStzPNaRJK3gqHN1O/9cS1Eal6wFHGg4T2lYgFo2ilZjfiEmmvUnVr7gxkmXgFqUKBRq/y1Y1SlidcIZPUmI7nZhiMqUbBJJ+Uu7nhGWVD2ucdSxVNuAnGs2sn5NQqEYlTbUshmam/J8Y0MWaUhLYzoTgwi95U/M/r5BhfBWOhshy5YvNFcS4JpmT6OomE5gzlyBLKtLC3EjagmjK0AZVtCN7iy8vEP69d17z7i2r9rkijBMdwAmfgwSXU4RYa4AODR3iGV3hzUufFeXc+5q0rTjFzBH/gfP4AAZuO/A==</latexit><latexit sha1_base64="QgoXApz6KqNFCjhGtZFWYEuhv2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz2bRrN5uwOxFK6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJPCoOt+Oyura+sbm6Wt8vbO7t5+5eCwadJcM+6zVKa6HVLDpVDcR4GStzPNaRJK3gqHN1O/9cS1Eal6wFHGg4T2lYgFo2ilZjfiEmmvUnVr7gxkmXgFqUKBRq/y1Y1SlidcIZPUmI7nZhiMqUbBJJ+Uu7nhGWVD2ucdSxVNuAnGs2sn5NQqEYlTbUshmam/J8Y0MWaUhLYzoTgwi95U/M/r5BhfBWOhshy5YvNFcS4JpmT6OomE5gzlyBLKtLC3EjagmjK0AZVtCN7iy8vEP69d17z7i2r9rkijBMdwAmfgwSXU4RYa4AODR3iGV3hzUufFeXc+5q0rTjFzBH/gfP4AAZuO/A==</latexit>
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• Experiments on Movielens 1M dataset using RSVD (Patrek, 2007).

• In the existing LRMA method, 

• The test error becomes lower as the rank increases.

• However, the stability becomes lower and the generalization error 
increases as the rank increases.

• Can’t provide stable recommendation even the rank is as low as 20.

STABILITY VS. GENERALIZATION ERROR
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<latexit sha1_base64="6vGmXafZrEFLI7uLjbfnsPQBIWI="></latexit><latexit sha1_base64="6vGmXafZrEFLI7uLjbfnsPQBIWI="></latexit><latexit sha1_base64="6vGmXafZrEFLI7uLjbfnsPQBIWI="></latexit><latexit sha1_base64="6vGmXafZrEFLI7uLjbfnsPQBIWI="></latexit>

rank=5

rank=10

rank=15

rank=20
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•          remove a subset of easily predictable entries from Ω. 

• Minimizing both       and        together will make more stable solution  
than the solution of minimizing       only.

• Formally,

KEY FINDING OF THIS PAPER

⌦
0
 

<latexit sha1_base64="PQP4LdTFjijPYsqIUrCMjY8bFsk=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyip5KIoN4KXjxpBWMLTSib7aRdutmE3Y1aQv+KFw8qXv0l3vw3btsctPXBwOO9GWbmhSlnSjvOt1VaWl5ZXSuvVzY2t7Z37N3qvUoyScGjCU9kOyQKOBPgaaY5tFMJJA45tMLh5cRvPYBULBF3epRCEJO+YBGjRBupa1f9mxj65Aj7HCJNpEweu3bNqTtT4EXiFqSGCjS79pffS2gWg9CUE6U6rpPqICdSM8phXPEzBSmhQ9KHjqGCxKCCfHr7GB8apYejRJoSGk/V3xM5iZUaxaHpjIkeqHlvIv7ndTIdnQc5E2mmQdDZoijjWCd4EgTuMQlU85EhhEpmbsV0QCSh2sRVMSG48y8vEu+kflF3b09rjesijTLaRwfoGLnoDDXQFWoiD1H0hJ7RK3qzxtaL9W59zFpLVjGzh/7A+vwB9rST/Q==</latexit><latexit sha1_base64="PQP4LdTFjijPYsqIUrCMjY8bFsk=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyip5KIoN4KXjxpBWMLTSib7aRdutmE3Y1aQv+KFw8qXv0l3vw3btsctPXBwOO9GWbmhSlnSjvOt1VaWl5ZXSuvVzY2t7Z37N3qvUoyScGjCU9kOyQKOBPgaaY5tFMJJA45tMLh5cRvPYBULBF3epRCEJO+YBGjRBupa1f9mxj65Aj7HCJNpEweu3bNqTtT4EXiFqSGCjS79pffS2gWg9CUE6U6rpPqICdSM8phXPEzBSmhQ9KHjqGCxKCCfHr7GB8apYejRJoSGk/V3xM5iZUaxaHpjIkeqHlvIv7ndTIdnQc5E2mmQdDZoijjWCd4EgTuMQlU85EhhEpmbsV0QCSh2sRVMSG48y8vEu+kflF3b09rjesijTLaRwfoGLnoDDXQFWoiD1H0hJ7RK3qzxtaL9W59zFpLVjGzh/7A+vwB9rST/Q==</latexit><latexit sha1_base64="PQP4LdTFjijPYsqIUrCMjY8bFsk=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyip5KIoN4KXjxpBWMLTSib7aRdutmE3Y1aQv+KFw8qXv0l3vw3btsctPXBwOO9GWbmhSlnSjvOt1VaWl5ZXSuvVzY2t7Z37N3qvUoyScGjCU9kOyQKOBPgaaY5tFMJJA45tMLh5cRvPYBULBF3epRCEJO+YBGjRBupa1f9mxj65Aj7HCJNpEweu3bNqTtT4EXiFqSGCjS79pffS2gWg9CUE6U6rpPqICdSM8phXPEzBSmhQ9KHjqGCxKCCfHr7GB8apYejRJoSGk/V3xM5iZUaxaHpjIkeqHlvIv7ndTIdnQc5E2mmQdDZoijjWCd4EgTuMQlU85EhhEpmbsV0QCSh2sRVMSG48y8vEu+kflF3b09rjesijTLaRwfoGLnoDDXQFWoiD1H0hJ7RK3qzxtaL9W59zFpLVjGzh/7A+vwB9rST/Q==</latexit><latexit sha1_base64="PQP4LdTFjijPYsqIUrCMjY8bFsk=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyip5KIoN4KXjxpBWMLTSib7aRdutmE3Y1aQv+KFw8qXv0l3vw3btsctPXBwOO9GWbmhSlnSjvOt1VaWl5ZXSuvVzY2t7Z37N3qvUoyScGjCU9kOyQKOBPgaaY5tFMJJA45tMLh5cRvPYBULBF3epRCEJO+YBGjRBupa1f9mxj65Aj7HCJNpEweu3bNqTtT4EXiFqSGCjS79pffS2gWg9CUE6U6rpPqICdSM8phXPEzBSmhQ9KHjqGCxKCCfHr7GB8apYejRJoSGk/V3xM5iZUaxaHpjIkeqHlvIv7ndTIdnQc5E2mmQdDZoijjWCd4EgTuMQlU85EhhEpmbsV0QCSh2sRVMSG48y8vEu+kflF3b09rjesijTLaRwfoGLnoDDXQFWoiD1H0hJ7RK3qzxtaL9W59zFpLVjGzh/7A+vwB9rST/Q==</latexit>

D⌦
<latexit sha1_base64="IAeciY4xPb1rrNrxWaDkHZ5g1gY=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO4KunClFYwtNCFMptN26MwkzEyEGoK/4saFils/xJ1/46TNQlsPDBzOuZd75kQJo0o7zrdVWVhcWl6prtbW1jc2t+ztnXsVpxITD8cslp0IKcKoIJ6mmpFOIgniESPtaHRR+O0HIhWNxZ0eJyTgaCBon2KkjRTaez5HeogRyy7zMPNvOBmgPLTrTsOZAM4TtyR1UKIV2l9+L8YpJ0JjhpTquk6igwxJTTEjec1PFUkQHqEB6RoqECcqyCbpc3holB7sx9I8oeFE/b2RIa7UmEdmssiqZr1C/M/rprp/FmRUJKkmAk8P9VMGdQyLKmCPSoI1GxuCsKQmK8RDJBHWprCaKcGd/fI88Y4b5w339qTevC7bqIJ9cACOgAtOQRNcgRbwAAaP4Bm8gjfryXqx3q2P6WjFKnd2wR9Ynz9TXJVh</latexit><latexit sha1_base64="IAeciY4xPb1rrNrxWaDkHZ5g1gY=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO4KunClFYwtNCFMptN26MwkzEyEGoK/4saFils/xJ1/46TNQlsPDBzOuZd75kQJo0o7zrdVWVhcWl6prtbW1jc2t+ztnXsVpxITD8cslp0IKcKoIJ6mmpFOIgniESPtaHRR+O0HIhWNxZ0eJyTgaCBon2KkjRTaez5HeogRyy7zMPNvOBmgPLTrTsOZAM4TtyR1UKIV2l9+L8YpJ0JjhpTquk6igwxJTTEjec1PFUkQHqEB6RoqECcqyCbpc3holB7sx9I8oeFE/b2RIa7UmEdmssiqZr1C/M/rprp/FmRUJKkmAk8P9VMGdQyLKmCPSoI1GxuCsKQmK8RDJBHWprCaKcGd/fI88Y4b5w339qTevC7bqIJ9cACOgAtOQRNcgRbwAAaP4Bm8gjfryXqx3q2P6WjFKnd2wR9Ynz9TXJVh</latexit><latexit sha1_base64="IAeciY4xPb1rrNrxWaDkHZ5g1gY=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO4KunClFYwtNCFMptN26MwkzEyEGoK/4saFils/xJ1/46TNQlsPDBzOuZd75kQJo0o7zrdVWVhcWl6prtbW1jc2t+ztnXsVpxITD8cslp0IKcKoIJ6mmpFOIgniESPtaHRR+O0HIhWNxZ0eJyTgaCBon2KkjRTaez5HeogRyy7zMPNvOBmgPLTrTsOZAM4TtyR1UKIV2l9+L8YpJ0JjhpTquk6igwxJTTEjec1PFUkQHqEB6RoqECcqyCbpc3holB7sx9I8oeFE/b2RIa7UmEdmssiqZr1C/M/rprp/FmRUJKkmAk8P9VMGdQyLKmCPSoI1GxuCsKQmK8RDJBHWprCaKcGd/fI88Y4b5w339qTevC7bqIJ9cACOgAtOQRNcgRbwAAaP4Bm8gjfryXqx3q2P6WjFKnd2wR9Ynz9TXJVh</latexit><latexit sha1_base64="IAeciY4xPb1rrNrxWaDkHZ5g1gY=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO4KunClFYwtNCFMptN26MwkzEyEGoK/4saFils/xJ1/46TNQlsPDBzOuZd75kQJo0o7zrdVWVhcWl6prtbW1jc2t+ztnXsVpxITD8cslp0IKcKoIJ6mmpFOIgniESPtaHRR+O0HIhWNxZ0eJyTgaCBon2KkjRTaez5HeogRyy7zMPNvOBmgPLTrTsOZAM4TtyR1UKIV2l9+L8YpJ0JjhpTquk6igwxJTTEjec1PFUkQHqEB6RoqECcqyCbpc3holB7sx9I8oeFE/b2RIa7UmEdmssiqZr1C/M/rprp/FmRUJKkmAk8P9VMGdQyLKmCPSoI1GxuCsKQmK8RDJBHWprCaKcGd/fI88Y4b5w339qTevC7bqIJ9cACOgAtOQRNcgRbwAAaP4Bm8gjfryXqx3q2P6WjFKnd2wR9Ynz9TXJVh</latexit>

D⌦0
<latexit sha1_base64="rRQ8a2tVdVKKQN2T5ZCTdtPFKa4=">AAAB/XicbVBPS8MwHE3nvzn/VcWTl+AQPY1WBPU20IMnnWDdYC0lzbItLElLkgqjFPwqXjyoePV7ePPbmG496OaDwOO934/fy4sSRpV2nG+rsrC4tLxSXa2trW9sbtnbOw8qTiUmHo5ZLDsRUoRRQTxNNSOdRBLEI0ba0eiy8NuPRCoai3s9TkjA0UDQPsVIGym093yO9BAjll3lYebfcjJAR3lo152GMwGcJ25J6qBEK7S//F6MU06Exgwp1XWdRAcZkppiRvKanyqSIDxCA9I1VCBOVJBN4ufw0Cg92I+leULDifp7I0NcqTGPzGQRVs16hfif1011/zzIqEhSTQSeHuqnDOoYFl3AHpUEazY2BGFJTVaIh0girE1jNVOCO/vleeKdNC4a7t1pvXlTtlEF++AAHAMXnIEmuAYt4AEMMvAMXsGb9WS9WO/Wx3S0YpU7u+APrM8fuzGVkg==</latexit><latexit sha1_base64="rRQ8a2tVdVKKQN2T5ZCTdtPFKa4=">AAAB/XicbVBPS8MwHE3nvzn/VcWTl+AQPY1WBPU20IMnnWDdYC0lzbItLElLkgqjFPwqXjyoePV7ePPbmG496OaDwOO934/fy4sSRpV2nG+rsrC4tLxSXa2trW9sbtnbOw8qTiUmHo5ZLDsRUoRRQTxNNSOdRBLEI0ba0eiy8NuPRCoai3s9TkjA0UDQPsVIGym093yO9BAjll3lYebfcjJAR3lo152GMwGcJ25J6qBEK7S//F6MU06Exgwp1XWdRAcZkppiRvKanyqSIDxCA9I1VCBOVJBN4ufw0Cg92I+leULDifp7I0NcqTGPzGQRVs16hfif1011/zzIqEhSTQSeHuqnDOoYFl3AHpUEazY2BGFJTVaIh0girE1jNVOCO/vleeKdNC4a7t1pvXlTtlEF++AAHAMXnIEmuAYt4AEMMvAMXsGb9WS9WO/Wx3S0YpU7u+APrM8fuzGVkg==</latexit><latexit sha1_base64="rRQ8a2tVdVKKQN2T5ZCTdtPFKa4=">AAAB/XicbVBPS8MwHE3nvzn/VcWTl+AQPY1WBPU20IMnnWDdYC0lzbItLElLkgqjFPwqXjyoePV7ePPbmG496OaDwOO934/fy4sSRpV2nG+rsrC4tLxSXa2trW9sbtnbOw8qTiUmHo5ZLDsRUoRRQTxNNSOdRBLEI0ba0eiy8NuPRCoai3s9TkjA0UDQPsVIGym093yO9BAjll3lYebfcjJAR3lo152GMwGcJ25J6qBEK7S//F6MU06Exgwp1XWdRAcZkppiRvKanyqSIDxCA9I1VCBOVJBN4ufw0Cg92I+leULDifp7I0NcqTGPzGQRVs16hfif1011/zzIqEhSTQSeHuqnDOoYFl3AHpUEazY2BGFJTVaIh0girE1jNVOCO/vleeKdNC4a7t1pvXlTtlEF++AAHAMXnIEmuAYt4AEMMvAMXsGb9WS9WO/Wx3S0YpU7u+APrM8fuzGVkg==</latexit><latexit sha1_base64="rRQ8a2tVdVKKQN2T5ZCTdtPFKa4=">AAAB/XicbVBPS8MwHE3nvzn/VcWTl+AQPY1WBPU20IMnnWDdYC0lzbItLElLkgqjFPwqXjyoePV7ePPbmG496OaDwOO934/fy4sSRpV2nG+rsrC4tLxSXa2trW9sbtnbOw8qTiUmHo5ZLDsRUoRRQTxNNSOdRBLEI0ba0eiy8NuPRCoai3s9TkjA0UDQPsVIGym093yO9BAjll3lYebfcjJAR3lo152GMwGcJ25J6qBEK7S//F6MU06Exgwp1XWdRAcZkppiRvKanyqSIDxCA9I1VCBOVJBN4ufw0Cg92I+leULDifp7I0NcqTGPzGQRVs16hfif1011/zzIqEhSTQSeHuqnDOoYFl3AHpUEazY2BGFJTVaIh0girE1jNVOCO/vleeKdNC4a7t1pvXlTtlEF++AAHAMXnIEmuAYt4AEMMvAMXsGb9WS9WO/Wx3S0YpU7u+APrM8fuzGVkg==</latexit>

D⌦
<latexit sha1_base64="IAeciY4xPb1rrNrxWaDkHZ5g1gY=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO4KunClFYwtNCFMptN26MwkzEyEGoK/4saFils/xJ1/46TNQlsPDBzOuZd75kQJo0o7zrdVWVhcWl6prtbW1jc2t+ztnXsVpxITD8cslp0IKcKoIJ6mmpFOIgniESPtaHRR+O0HIhWNxZ0eJyTgaCBon2KkjRTaez5HeogRyy7zMPNvOBmgPLTrTsOZAM4TtyR1UKIV2l9+L8YpJ0JjhpTquk6igwxJTTEjec1PFUkQHqEB6RoqECcqyCbpc3holB7sx9I8oeFE/b2RIa7UmEdmssiqZr1C/M/rprp/FmRUJKkmAk8P9VMGdQyLKmCPSoI1GxuCsKQmK8RDJBHWprCaKcGd/fI88Y4b5w339qTevC7bqIJ9cACOgAtOQRNcgRbwAAaP4Bm8gjfryXqx3q2P6WjFKnd2wR9Ynz9TXJVh</latexit><latexit sha1_base64="IAeciY4xPb1rrNrxWaDkHZ5g1gY=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO4KunClFYwtNCFMptN26MwkzEyEGoK/4saFils/xJ1/46TNQlsPDBzOuZd75kQJo0o7zrdVWVhcWl6prtbW1jc2t+ztnXsVpxITD8cslp0IKcKoIJ6mmpFOIgniESPtaHRR+O0HIhWNxZ0eJyTgaCBon2KkjRTaez5HeogRyy7zMPNvOBmgPLTrTsOZAM4TtyR1UKIV2l9+L8YpJ0JjhpTquk6igwxJTTEjec1PFUkQHqEB6RoqECcqyCbpc3holB7sx9I8oeFE/b2RIa7UmEdmssiqZr1C/M/rprp/FmRUJKkmAk8P9VMGdQyLKmCPSoI1GxuCsKQmK8RDJBHWprCaKcGd/fI88Y4b5w339qTevC7bqIJ9cACOgAtOQRNcgRbwAAaP4Bm8gjfryXqx3q2P6WjFKnd2wR9Ynz9TXJVh</latexit><latexit sha1_base64="IAeciY4xPb1rrNrxWaDkHZ5g1gY=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO4KunClFYwtNCFMptN26MwkzEyEGoK/4saFils/xJ1/46TNQlsPDBzOuZd75kQJo0o7zrdVWVhcWl6prtbW1jc2t+ztnXsVpxITD8cslp0IKcKoIJ6mmpFOIgniESPtaHRR+O0HIhWNxZ0eJyTgaCBon2KkjRTaez5HeogRyy7zMPNvOBmgPLTrTsOZAM4TtyR1UKIV2l9+L8YpJ0JjhpTquk6igwxJTTEjec1PFUkQHqEB6RoqECcqyCbpc3holB7sx9I8oeFE/b2RIa7UmEdmssiqZr1C/M/rprp/FmRUJKkmAk8P9VMGdQyLKmCPSoI1GxuCsKQmK8RDJBHWprCaKcGd/fI88Y4b5w339qTevC7bqIJ9cACOgAtOQRNcgRbwAAaP4Bm8gjfryXqx3q2P6WjFKnd2wR9Ynz9TXJVh</latexit><latexit sha1_base64="IAeciY4xPb1rrNrxWaDkHZ5g1gY=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO4KunClFYwtNCFMptN26MwkzEyEGoK/4saFils/xJ1/46TNQlsPDBzOuZd75kQJo0o7zrdVWVhcWl6prtbW1jc2t+ztnXsVpxITD8cslp0IKcKoIJ6mmpFOIgniESPtaHRR+O0HIhWNxZ0eJyTgaCBon2KkjRTaez5HeogRyy7zMPNvOBmgPLTrTsOZAM4TtyR1UKIV2l9+L8YpJ0JjhpTquk6igwxJTTEjec1PFUkQHqEB6RoqECcqyCbpc3holB7sx9I8oeFE/b2RIa7UmEdmssiqZr1C/M/rprp/FmRUJKkmAk8P9VMGdQyLKmCPSoI1GxuCsKQmK8RDJBHWprCaKcGd/fI88Y4b5w339qTevC7bqIJ9cACOgAtOQRNcgRbwAAaP4Bm8gjfryXqx3q2P6WjFKnd2wR9Ynz9TXJVh</latexit>

• Let (a set of easily predictable entries)                          which satisfies that 

• Let (a set of entries hard to predict)                   .

• For any 

•                                                            are    -stable and    -stable 
respectively.

• Then, 

Theorem 1

! ⇢ ⌦(|⌦| > 2)
<latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit><latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit><latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit><latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit>

8(i, j) 2 !, |Ri,j � R̂i,j |  D⌦(R̂)
<latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit><latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit><latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit><latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit>

⌦
0
= ⌦� !

<latexit sha1_base64="0HlFpR/iKUHIuv/mNYBPEb5sQhI=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4RC+OVgT1IAy8eNIJ1g3WMtIs3cKStCSpMMrw4lfx4kHFq9/Cm9/GdOtBNx8I/Hje9+XN+4QJo0o7zrdVmptfWFwqL1dWVtfWN+zNrXsVpxITD8cslq0QKcKoIJ6mmpFWIgniISPNcHCZ15sPRCoaizs9TEjAUU/QiGKkjdWxd/wbTnroAF7ACcEj6Mc5dOyqU3PGgrPgFlAFhRod+8vvxjjlRGjMkFJt10l0kCGpKWZkVPFTRRKEB6hH2gYF4kQF2fiEEdw3ThdGsTRPaDh2f09kiCs15KHp5Ej31XQtN/+rtVMdnQUZFUmqicCTRVHKoI5hngfsUkmwZkMDCEtq/gpxH0mEtUmtYkJwp0+eBe+4dl5zb0+q9esijTLYBXvgELjgFNTBFWgAD2DwCJ7BK3iznqwX6936mLSWrGJmG/yR9fkDChSVhQ==</latexit><latexit sha1_base64="0HlFpR/iKUHIuv/mNYBPEb5sQhI=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4RC+OVgT1IAy8eNIJ1g3WMtIs3cKStCSpMMrw4lfx4kHFq9/Cm9/GdOtBNx8I/Hje9+XN+4QJo0o7zrdVmptfWFwqL1dWVtfWN+zNrXsVpxITD8cslq0QKcKoIJ6mmpFWIgniISPNcHCZ15sPRCoaizs9TEjAUU/QiGKkjdWxd/wbTnroAF7ACcEj6Mc5dOyqU3PGgrPgFlAFhRod+8vvxjjlRGjMkFJt10l0kCGpKWZkVPFTRRKEB6hH2gYF4kQF2fiEEdw3ThdGsTRPaDh2f09kiCs15KHp5Ej31XQtN/+rtVMdnQUZFUmqicCTRVHKoI5hngfsUkmwZkMDCEtq/gpxH0mEtUmtYkJwp0+eBe+4dl5zb0+q9esijTLYBXvgELjgFNTBFWgAD2DwCJ7BK3iznqwX6936mLSWrGJmG/yR9fkDChSVhQ==</latexit><latexit sha1_base64="0HlFpR/iKUHIuv/mNYBPEb5sQhI=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4RC+OVgT1IAy8eNIJ1g3WMtIs3cKStCSpMMrw4lfx4kHFq9/Cm9/GdOtBNx8I/Hje9+XN+4QJo0o7zrdVmptfWFwqL1dWVtfWN+zNrXsVpxITD8cslq0QKcKoIJ6mmpFWIgniISPNcHCZ15sPRCoaizs9TEjAUU/QiGKkjdWxd/wbTnroAF7ACcEj6Mc5dOyqU3PGgrPgFlAFhRod+8vvxjjlRGjMkFJt10l0kCGpKWZkVPFTRRKEB6hH2gYF4kQF2fiEEdw3ThdGsTRPaDh2f09kiCs15KHp5Ej31XQtN/+rtVMdnQUZFUmqicCTRVHKoI5hngfsUkmwZkMDCEtq/gpxH0mEtUmtYkJwp0+eBe+4dl5zb0+q9esijTLYBXvgELjgFNTBFWgAD2DwCJ7BK3iznqwX6936mLSWrGJmG/yR9fkDChSVhQ==</latexit><latexit sha1_base64="0HlFpR/iKUHIuv/mNYBPEb5sQhI=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4RC+OVgT1IAy8eNIJ1g3WMtIs3cKStCSpMMrw4lfx4kHFq9/Cm9/GdOtBNx8I/Hje9+XN+4QJo0o7zrdVmptfWFwqL1dWVtfWN+zNrXsVpxITD8cslq0QKcKoIJ6mmpFWIgniISPNcHCZ15sPRCoaizs9TEjAUU/QiGKkjdWxd/wbTnroAF7ACcEj6Mc5dOyqU3PGgrPgFlAFhRod+8vvxjjlRGjMkFJt10l0kCGpKWZkVPFTRRKEB6hH2gYF4kQF2fiEEdw3ThdGsTRPaDh2f09kiCs15KHp5Ej31XQtN/+rtVMdnQUZFUmqicCTRVHKoI5hngfsUkmwZkMDCEtq/gpxH0mEtUmtYkJwp0+eBe+4dl5zb0+q9esijTLYBXvgELjgFNTBFWgAD2DwCJ7BK3iznqwX6936mLSWrGJmG/yR9fkDChSVhQ==</latexit>

�1
<latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit>

�2
<latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit>
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• (Proof Sketch of Theorem 1)

• Let 

• By Markov’s inequality

• Based on Hoeffding’s Lemma,

• Similar steps on

• Via simple calculations, we can prove Theorem 1.

KEY FINDING OF THIS PAPER

Hoeffding’s Lemma

• Let            be random variable. 

• E[X] = 0, and                              .

• Then, for any  

Pr [X 2 [a, b]] = 1
<latexit sha1_base64="vORvSu2v4VOymS2E5QVm5MFkhBw=">AAACCnicbVBNS8NAEN3Ur1q/oh69LC2CBymJCOpBKHjxJBWMLSShbLabdulmE3YnQim9e/GvePGg4tVf4M1/47bNQVsfDDzem2FmXpQJrsFxvq3S0vLK6lp5vbKxubW9Y+/u3es0V5R5NBWpakdEM8El84CDYO1MMZJEgrWiwdXEbz0wpXkq72CYsTAhPcljTgkYqWNXg6bCgWAx+LiNAy6xT46jEAeK9/oQ4kvsduyaU3emwIvELUgNFWh27K+gm9I8YRKoIFr7rpNBOCIKOBVsXAlyzTJCB6THfEMlSZgOR9NfxvjQKF0cp8qUBDxVf0+MSKL1MIlMZ0Kgr+e9ifif5+cQn4cjLrMcmKSzRXEuMKR4EgzucsUoiKEhhCpubsW0TxShYOKrmBDc+ZcXiXdSv6i7t6e1xk2RRhkdoCo6Qi46Qw10jZrIQxQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4AACaYtg==</latexit><latexit sha1_base64="vORvSu2v4VOymS2E5QVm5MFkhBw=">AAACCnicbVBNS8NAEN3Ur1q/oh69LC2CBymJCOpBKHjxJBWMLSShbLabdulmE3YnQim9e/GvePGg4tVf4M1/47bNQVsfDDzem2FmXpQJrsFxvq3S0vLK6lp5vbKxubW9Y+/u3es0V5R5NBWpakdEM8El84CDYO1MMZJEgrWiwdXEbz0wpXkq72CYsTAhPcljTgkYqWNXg6bCgWAx+LiNAy6xT46jEAeK9/oQ4kvsduyaU3emwIvELUgNFWh27K+gm9I8YRKoIFr7rpNBOCIKOBVsXAlyzTJCB6THfEMlSZgOR9NfxvjQKF0cp8qUBDxVf0+MSKL1MIlMZ0Kgr+e9ifif5+cQn4cjLrMcmKSzRXEuMKR4EgzucsUoiKEhhCpubsW0TxShYOKrmBDc+ZcXiXdSv6i7t6e1xk2RRhkdoCo6Qi46Qw10jZrIQxQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4AACaYtg==</latexit><latexit sha1_base64="vORvSu2v4VOymS2E5QVm5MFkhBw=">AAACCnicbVBNS8NAEN3Ur1q/oh69LC2CBymJCOpBKHjxJBWMLSShbLabdulmE3YnQim9e/GvePGg4tVf4M1/47bNQVsfDDzem2FmXpQJrsFxvq3S0vLK6lp5vbKxubW9Y+/u3es0V5R5NBWpakdEM8El84CDYO1MMZJEgrWiwdXEbz0wpXkq72CYsTAhPcljTgkYqWNXg6bCgWAx+LiNAy6xT46jEAeK9/oQ4kvsduyaU3emwIvELUgNFWh27K+gm9I8YRKoIFr7rpNBOCIKOBVsXAlyzTJCB6THfEMlSZgOR9NfxvjQKF0cp8qUBDxVf0+MSKL1MIlMZ0Kgr+e9ifif5+cQn4cjLrMcmKSzRXEuMKR4EgzucsUoiKEhhCpubsW0TxShYOKrmBDc+ZcXiXdSv6i7t6e1xk2RRhkdoCo6Qi46Qw10jZrIQxQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4AACaYtg==</latexit><latexit sha1_base64="vORvSu2v4VOymS2E5QVm5MFkhBw=">AAACCnicbVBNS8NAEN3Ur1q/oh69LC2CBymJCOpBKHjxJBWMLSShbLabdulmE3YnQim9e/GvePGg4tVf4M1/47bNQVsfDDzem2FmXpQJrsFxvq3S0vLK6lp5vbKxubW9Y+/u3es0V5R5NBWpakdEM8El84CDYO1MMZJEgrWiwdXEbz0wpXkq72CYsTAhPcljTgkYqWNXg6bCgWAx+LiNAy6xT46jEAeK9/oQ4kvsduyaU3emwIvELUgNFWh27K+gm9I8YRKoIFr7rpNBOCIKOBVsXAlyzTJCB6THfEMlSZgOR9NfxvjQKF0cp8qUBDxVf0+MSKL1MIlMZ0Kgr+e9ifif5+cQn4cjLrMcmKSzRXEuMKR4EgzucsUoiKEhhCpubsW0TxShYOKrmBDc+ZcXiXdSv6i7t6e1xk2RRhkdoCo6Qi46Qw10jZrIQxQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4AACaYtg==</latexit>

X 2 R
<latexit sha1_base64="Up7QdIdytiotpNtWtEcWYrE7Zo4=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KIUL0VvHiSKsYWmlA22027dLMJu5tCCf0nXjyoePWnePPfuGlz0NaBhWHmPd7shClnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJ5VkklCPJDyR3RArypmgnmaa024qKY5DTjvh+KbwOxMqFUvEo56mNIjxULCIEayN1LftLvKZQH6M9SgM84dZ3647DWcOtErcktShRLtvf/mDhGQxFZpwrFTPdVId5FhqRjid1fxM0RSTMR7SnqECx1QF+Tz5DJ0ZZYCiRJonNJqrvzdyHCs1jUMzWSRUy14h/uf1Mh1dBTkTaaapIItDUcaRTlBRAxowSYnmU0MwkcxkRWSEJSbalFUzJbjLX14l3kXjuuHeX9Zbd2UbVTiBUzgHF5rQgltogwcEJvAMr/Bm5daL9W59LEYrVrlzDH9gff4ATeSTCg==</latexit><latexit sha1_base64="Up7QdIdytiotpNtWtEcWYrE7Zo4=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KIUL0VvHiSKsYWmlA22027dLMJu5tCCf0nXjyoePWnePPfuGlz0NaBhWHmPd7shClnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJ5VkklCPJDyR3RArypmgnmaa024qKY5DTjvh+KbwOxMqFUvEo56mNIjxULCIEayN1LftLvKZQH6M9SgM84dZ3647DWcOtErcktShRLtvf/mDhGQxFZpwrFTPdVId5FhqRjid1fxM0RSTMR7SnqECx1QF+Tz5DJ0ZZYCiRJonNJqrvzdyHCs1jUMzWSRUy14h/uf1Mh1dBTkTaaapIItDUcaRTlBRAxowSYnmU0MwkcxkRWSEJSbalFUzJbjLX14l3kXjuuHeX9Zbd2UbVTiBUzgHF5rQgltogwcEJvAMr/Bm5daL9W59LEYrVrlzDH9gff4ATeSTCg==</latexit><latexit sha1_base64="Up7QdIdytiotpNtWtEcWYrE7Zo4=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KIUL0VvHiSKsYWmlA22027dLMJu5tCCf0nXjyoePWnePPfuGlz0NaBhWHmPd7shClnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJ5VkklCPJDyR3RArypmgnmaa024qKY5DTjvh+KbwOxMqFUvEo56mNIjxULCIEayN1LftLvKZQH6M9SgM84dZ3647DWcOtErcktShRLtvf/mDhGQxFZpwrFTPdVId5FhqRjid1fxM0RSTMR7SnqECx1QF+Tz5DJ0ZZYCiRJonNJqrvzdyHCs1jUMzWSRUy14h/uf1Mh1dBTkTaaapIItDUcaRTlBRAxowSYnmU0MwkcxkRWSEJSbalFUzJbjLX14l3kXjuuHeX9Zbd2UbVTiBUzgHF5rQgltogwcEJvAMr/Bm5daL9W59LEYrVrlzDH9gff4ATeSTCg==</latexit><latexit sha1_base64="Up7QdIdytiotpNtWtEcWYrE7Zo4=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KIUL0VvHiSKsYWmlA22027dLMJu5tCCf0nXjyoePWnePPfuGlz0NaBhWHmPd7shClnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJ5VkklCPJDyR3RArypmgnmaa024qKY5DTjvh+KbwOxMqFUvEo56mNIjxULCIEayN1LftLvKZQH6M9SgM84dZ3647DWcOtErcktShRLtvf/mDhGQxFZpwrFTPdVId5FhqRjid1fxM0RSTMR7SnqECx1QF+Tz5DJ0ZZYCiRJonNJqrvzdyHCs1jUMzWSRUy14h/uf1Mh1dBTkTaaapIItDUcaRTlBRAxowSYnmU0MwkcxkRWSEJSbalFUzJbjLX14l3kXjuuHeX9Zbd2UbVTiBUzgHF5rQgltogwcEJvAMr/Bm5daL9W59LEYrVrlzDH9gff4ATeSTCg==</latexit>
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• From Theorem 1, we know that minimizing   
is better than minimizing            only.

• However, the condition of                                                      is  
not necessary.

• The conclusion will be the same if                         .

CONDITION RELAXATION

8(i, j) 2 !, |Ri,j � R̂i,j |  D⌦(R̂)
<latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit><latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit><latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit><latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit>

• Let (a set of easily predictable entries)                          which satisfies that 

• Let (a set of entries hard to predict)                   .

• For any 

•                                                            are    -stable and    -stable 
respectively.

• Then, 

Proposition 1

! ⇢ ⌦(|⌦| > 2)
<latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit><latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit><latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit><latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit>

⌦
0
= ⌦� !

<latexit sha1_base64="0HlFpR/iKUHIuv/mNYBPEb5sQhI=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4RC+OVgT1IAy8eNIJ1g3WMtIs3cKStCSpMMrw4lfx4kHFq9/Cm9/GdOtBNx8I/Hje9+XN+4QJo0o7zrdVmptfWFwqL1dWVtfWN+zNrXsVpxITD8cslq0QKcKoIJ6mmpFWIgniISPNcHCZ15sPRCoaizs9TEjAUU/QiGKkjdWxd/wbTnroAF7ACcEj6Mc5dOyqU3PGgrPgFlAFhRod+8vvxjjlRGjMkFJt10l0kCGpKWZkVPFTRRKEB6hH2gYF4kQF2fiEEdw3ThdGsTRPaDh2f09kiCs15KHp5Ej31XQtN/+rtVMdnQUZFUmqicCTRVHKoI5hngfsUkmwZkMDCEtq/gpxH0mEtUmtYkJwp0+eBe+4dl5zb0+q9esijTLYBXvgELjgFNTBFWgAD2DwCJ7BK3iznqwX6936mLSWrGJmG/yR9fkDChSVhQ==</latexit><latexit sha1_base64="0HlFpR/iKUHIuv/mNYBPEb5sQhI=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4RC+OVgT1IAy8eNIJ1g3WMtIs3cKStCSpMMrw4lfx4kHFq9/Cm9/GdOtBNx8I/Hje9+XN+4QJo0o7zrdVmptfWFwqL1dWVtfWN+zNrXsVpxITD8cslq0QKcKoIJ6mmpFWIgniISPNcHCZ15sPRCoaizs9TEjAUU/QiGKkjdWxd/wbTnroAF7ACcEj6Mc5dOyqU3PGgrPgFlAFhRod+8vvxjjlRGjMkFJt10l0kCGpKWZkVPFTRRKEB6hH2gYF4kQF2fiEEdw3ThdGsTRPaDh2f09kiCs15KHp5Ej31XQtN/+rtVMdnQUZFUmqicCTRVHKoI5hngfsUkmwZkMDCEtq/gpxH0mEtUmtYkJwp0+eBe+4dl5zb0+q9esijTLYBXvgELjgFNTBFWgAD2DwCJ7BK3iznqwX6936mLSWrGJmG/yR9fkDChSVhQ==</latexit><latexit sha1_base64="0HlFpR/iKUHIuv/mNYBPEb5sQhI=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4RC+OVgT1IAy8eNIJ1g3WMtIs3cKStCSpMMrw4lfx4kHFq9/Cm9/GdOtBNx8I/Hje9+XN+4QJo0o7zrdVmptfWFwqL1dWVtfWN+zNrXsVpxITD8cslq0QKcKoIJ6mmpFWIgniISPNcHCZ15sPRCoaizs9TEjAUU/QiGKkjdWxd/wbTnroAF7ACcEj6Mc5dOyqU3PGgrPgFlAFhRod+8vvxjjlRGjMkFJt10l0kCGpKWZkVPFTRRKEB6hH2gYF4kQF2fiEEdw3ThdGsTRPaDh2f09kiCs15KHp5Ej31XQtN/+rtVMdnQUZFUmqicCTRVHKoI5hngfsUkmwZkMDCEtq/gpxH0mEtUmtYkJwp0+eBe+4dl5zb0+q9esijTLYBXvgELjgFNTBFWgAD2DwCJ7BK3iznqwX6936mLSWrGJmG/yR9fkDChSVhQ==</latexit><latexit sha1_base64="0HlFpR/iKUHIuv/mNYBPEb5sQhI=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4RC+OVgT1IAy8eNIJ1g3WMtIs3cKStCSpMMrw4lfx4kHFq9/Cm9/GdOtBNx8I/Hje9+XN+4QJo0o7zrdVmptfWFwqL1dWVtfWN+zNrXsVpxITD8cslq0QKcKoIJ6mmpFWIgniISPNcHCZ15sPRCoaizs9TEjAUU/QiGKkjdWxd/wbTnroAF7ACcEj6Mc5dOyqU3PGgrPgFlAFhRod+8vvxjjlRGjMkFJt10l0kCGpKWZkVPFTRRKEB6hH2gYF4kQF2fiEEdw3ThdGsTRPaDh2f09kiCs15KHp5Ej31XQtN/+rtVMdnQUZFUmqicCTRVHKoI5hngfsUkmwZkMDCEtq/gpxH0mEtUmtYkJwp0+eBe+4dl5zb0+q9esijTLYBXvgELjgFNTBFWgAD2DwCJ7BK3iznqwX6936mLSWrGJmG/yR9fkDChSVhQ==</latexit>

�1
<latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit>

�2
<latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit>

← the only change from Theorem 1



�17

• Theorem 1 and Proposition 1 only prove that  
it is beneficial to remove easily predictable entries from Ω.

• However, does not show how many entries we should remove.

• Theorem 2 shows that removing more entries that satisfy  
 

 

can yield better     .

HOW MANY ENTRIES SHOULD WE REMOVE?

⌦
0

<latexit sha1_base64="/HK2LTN3a6E62rbq15wJMtnMcQM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ6KokI6q3gxZNWMLbQhrLZTtqlm03Y3Qgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HweuI3n1BpnsgHM0oxiGlf8ogzaqzU7NzF2Kcn3UrVrblTkEXiFaQKBRrdylenl7AsRmmYoFq3PTc1QU6V4UzguNzJNKaUDWkf25ZKGqMO8um5Y3JslR6JEmVLGjJVf0/kNNZ6FIe2M6ZmoOe9ifif185MdBnkXKaZQclmi6JMEJOQye+kxxUyI0aWUKa4vZWwAVWUGZtQ2Ybgzb+8SPyz2lXNuz+v1m+LNEpwCEdwCh5cQB1uoAE+MBjCM7zCm5M6L8678zFrXXKKmQP4A+fzBzGIjww=</latexit><latexit sha1_base64="/HK2LTN3a6E62rbq15wJMtnMcQM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ6KokI6q3gxZNWMLbQhrLZTtqlm03Y3Qgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HweuI3n1BpnsgHM0oxiGlf8ogzaqzU7NzF2Kcn3UrVrblTkEXiFaQKBRrdylenl7AsRmmYoFq3PTc1QU6V4UzguNzJNKaUDWkf25ZKGqMO8um5Y3JslR6JEmVLGjJVf0/kNNZ6FIe2M6ZmoOe9ifif185MdBnkXKaZQclmi6JMEJOQye+kxxUyI0aWUKa4vZWwAVWUGZtQ2Ybgzb+8SPyz2lXNuz+v1m+LNEpwCEdwCh5cQB1uoAE+MBjCM7zCm5M6L8678zFrXXKKmQP4A+fzBzGIjww=</latexit><latexit sha1_base64="/HK2LTN3a6E62rbq15wJMtnMcQM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ6KokI6q3gxZNWMLbQhrLZTtqlm03Y3Qgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HweuI3n1BpnsgHM0oxiGlf8ogzaqzU7NzF2Kcn3UrVrblTkEXiFaQKBRrdylenl7AsRmmYoFq3PTc1QU6V4UzguNzJNKaUDWkf25ZKGqMO8um5Y3JslR6JEmVLGjJVf0/kNNZ6FIe2M6ZmoOe9ifif185MdBnkXKaZQclmi6JMEJOQye+kxxUyI0aWUKa4vZWwAVWUGZtQ2Ybgzb+8SPyz2lXNuz+v1m+LNEpwCEdwCh5cQB1uoAE+MBjCM7zCm5M6L8678zFrXXKKmQP4A+fzBzGIjww=</latexit><latexit sha1_base64="/HK2LTN3a6E62rbq15wJMtnMcQM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ6KokI6q3gxZNWMLbQhrLZTtqlm03Y3Qgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//USeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HweuI3n1BpnsgHM0oxiGlf8ogzaqzU7NzF2Kcn3UrVrblTkEXiFaQKBRrdylenl7AsRmmYoFq3PTc1QU6V4UzguNzJNKaUDWkf25ZKGqMO8um5Y3JslR6JEmVLGjJVf0/kNNZ6FIe2M6ZmoOe9ifif185MdBnkXKaZQclmi6JMEJOQye+kxxUyI0aWUKa4vZWwAVWUGZtQ2Ybgzb+8SPyz2lXNuz+v1m+LNEpwCEdwCh5cQB1uoAE+MBjCM7zCm5M6L8678zFrXXKKmQP4A+fzBzGIjww=</latexit>

• Let                                    satisfying

• Let                                                  .                           

• For any 

•                                                             
are    -stable and    -stable respectively.

• Then, 

Theorem 2

�1
<latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit>

�2
<latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit>

�0D⌦(R̂) + �1D⌦1
(R̂) and �0D⌦(R̂) + �1D⌦2

(R̂)
<latexit sha1_base64="kOdjHQRCJB+i2IYJSNyA74G44kg="></latexit><latexit sha1_base64="kOdjHQRCJB+i2IYJSNyA74G44kg="></latexit><latexit sha1_base64="kOdjHQRCJB+i2IYJSNyA74G44kg="></latexit><latexit sha1_base64="kOdjHQRCJB+i2IYJSNyA74G44kg="></latexit>

!2 ⇢ !1 ⇢ ⌦(|⌦| > 2)
<latexit sha1_base64="g6OuGVQieyuSOkME+GdnCpGsQUk=">AAACInicbZDLSgMxFIYzXmu9VV26CRahbspMEbwspODGlVZwbKEdhkx62oYmM0OSEUrbd3Hjq7hx4W0l+DCm7Yja+kPg5zvncHL+IOZMadv+sObmFxaXljMr2dW19Y3N3Nb2rYoSScGlEY9kLSAKOAvB1UxzqMUSiAg4VIPu+ahevQOpWBTe6F4MniDtkLUYJdogP3faiAS0iV/CDZUECjROgfMDrkYAF/Dg2w7wGS4d+Lm8XbTHwrPGSU0epar4ubdGM6KJgFBTTpSqO3asvT6RmlEOw2wjURAT2iVtqBsbEgHK649vHOJ9Q5q4FUnzQo3H9PdEnwileiIwnYLojpqujeB/tXqiW8den4VxoiGkk0WthGMd4VFguMkkUM17xhAqmfkrph0iCdUm1qwJwZk+eda4peJJ0bk+zJcv0zQyaBftoQJy0BEqowtUQS6i6B49omf0Yj1YT9ar9T5pnbPSmR30R9bnF+Y+oiE=</latexit><latexit sha1_base64="g6OuGVQieyuSOkME+GdnCpGsQUk=">AAACInicbZDLSgMxFIYzXmu9VV26CRahbspMEbwspODGlVZwbKEdhkx62oYmM0OSEUrbd3Hjq7hx4W0l+DCm7Yja+kPg5zvncHL+IOZMadv+sObmFxaXljMr2dW19Y3N3Nb2rYoSScGlEY9kLSAKOAvB1UxzqMUSiAg4VIPu+ahevQOpWBTe6F4MniDtkLUYJdogP3faiAS0iV/CDZUECjROgfMDrkYAF/Dg2w7wGS4d+Lm8XbTHwrPGSU0epar4ubdGM6KJgFBTTpSqO3asvT6RmlEOw2wjURAT2iVtqBsbEgHK649vHOJ9Q5q4FUnzQo3H9PdEnwileiIwnYLojpqujeB/tXqiW8den4VxoiGkk0WthGMd4VFguMkkUM17xhAqmfkrph0iCdUm1qwJwZk+eda4peJJ0bk+zJcv0zQyaBftoQJy0BEqowtUQS6i6B49omf0Yj1YT9ar9T5pnbPSmR30R9bnF+Y+oiE=</latexit><latexit sha1_base64="g6OuGVQieyuSOkME+GdnCpGsQUk=">AAACInicbZDLSgMxFIYzXmu9VV26CRahbspMEbwspODGlVZwbKEdhkx62oYmM0OSEUrbd3Hjq7hx4W0l+DCm7Yja+kPg5zvncHL+IOZMadv+sObmFxaXljMr2dW19Y3N3Nb2rYoSScGlEY9kLSAKOAvB1UxzqMUSiAg4VIPu+ahevQOpWBTe6F4MniDtkLUYJdogP3faiAS0iV/CDZUECjROgfMDrkYAF/Dg2w7wGS4d+Lm8XbTHwrPGSU0epar4ubdGM6KJgFBTTpSqO3asvT6RmlEOw2wjURAT2iVtqBsbEgHK649vHOJ9Q5q4FUnzQo3H9PdEnwileiIwnYLojpqujeB/tXqiW8den4VxoiGkk0WthGMd4VFguMkkUM17xhAqmfkrph0iCdUm1qwJwZk+eda4peJJ0bk+zJcv0zQyaBftoQJy0BEqowtUQS6i6B49omf0Yj1YT9ar9T5pnbPSmR30R9bnF+Y+oiE=</latexit><latexit sha1_base64="g6OuGVQieyuSOkME+GdnCpGsQUk=">AAACInicbZDLSgMxFIYzXmu9VV26CRahbspMEbwspODGlVZwbKEdhkx62oYmM0OSEUrbd3Hjq7hx4W0l+DCm7Yja+kPg5zvncHL+IOZMadv+sObmFxaXljMr2dW19Y3N3Nb2rYoSScGlEY9kLSAKOAvB1UxzqMUSiAg4VIPu+ahevQOpWBTe6F4MniDtkLUYJdogP3faiAS0iV/CDZUECjROgfMDrkYAF/Dg2w7wGS4d+Lm8XbTHwrPGSU0epar4ubdGM6KJgFBTTpSqO3asvT6RmlEOw2wjURAT2iVtqBsbEgHK649vHOJ9Q5q4FUnzQo3H9PdEnwileiIwnYLojpqujeB/tXqiW8den4VxoiGkk0WthGMd4VFguMkkUM17xhAqmfkrph0iCdUm1qwJwZk+eda4peJJ0bk+zJcv0zQyaBftoQJy0BEqowtUQS6i6B49omf0Yj1YT9ar9T5pnbPSmR30R9bnF+Y+oiE=</latexit>

8(i, j) 2 !1, |Ri,j � R̂i,j |  D⌦(R̂)
<latexit sha1_base64="gFltSJ3DgwCENwT3Lz9ebI4kOYs="></latexit><latexit sha1_base64="gFltSJ3DgwCENwT3Lz9ebI4kOYs="></latexit><latexit sha1_base64="gFltSJ3DgwCENwT3Lz9ebI4kOYs="></latexit><latexit sha1_base64="gFltSJ3DgwCENwT3Lz9ebI4kOYs="></latexit>

⌦1 = ⌦� !1 and ⌦2 = ⌦� !2
<latexit sha1_base64="Z30TRLfrkJpbN38hWvhmtcZTKGk=">AAACLnicbVBNSwMxFMz6bf2qevQSLIIXy24R1IMgCOJJK1grdMuSTV/bYDa7JG/FsvQfefGv9CKi4tWfYdruQW0HAsPMPF7ehIkUBl33zZmZnZtfWFxaLqysrq1vFDe37kycag41HstY34fMgBQKaihQwn2igUWhhHr4cD7064+gjYjVLfYSaEaso0RbcIZWCooX/nUEHRZ49JSOKT2gfpxrPsITZpSpFu3ndlCZkqwExZJbdkegk8TLSYnkqAbFgd+KeRqBQi6ZMQ3PTbCZMY2CS+gX/NRAwvgD60DDUsUiMM1sdG+f7lmlRduxtk8hHam/JzIWGdOLQpuMGHbNf28oTvMaKbaPm5lQSYqg+HhRO5UUYzosj7aEBo6yZwnjWti/Ut5lmnG0FRdsCd7/kydJrVI+KXs3h6Wzq7yNJbJDdsk+8cgROSOXpEpqhJNnMiDv5MN5cV6dT+drHJ1x8plt8gfO9w+dxaYH</latexit><latexit sha1_base64="Z30TRLfrkJpbN38hWvhmtcZTKGk=">AAACLnicbVBNSwMxFMz6bf2qevQSLIIXy24R1IMgCOJJK1grdMuSTV/bYDa7JG/FsvQfefGv9CKi4tWfYdruQW0HAsPMPF7ehIkUBl33zZmZnZtfWFxaLqysrq1vFDe37kycag41HstY34fMgBQKaihQwn2igUWhhHr4cD7064+gjYjVLfYSaEaso0RbcIZWCooX/nUEHRZ49JSOKT2gfpxrPsITZpSpFu3ndlCZkqwExZJbdkegk8TLSYnkqAbFgd+KeRqBQi6ZMQ3PTbCZMY2CS+gX/NRAwvgD60DDUsUiMM1sdG+f7lmlRduxtk8hHam/JzIWGdOLQpuMGHbNf28oTvMaKbaPm5lQSYqg+HhRO5UUYzosj7aEBo6yZwnjWti/Ut5lmnG0FRdsCd7/kydJrVI+KXs3h6Wzq7yNJbJDdsk+8cgROSOXpEpqhJNnMiDv5MN5cV6dT+drHJ1x8plt8gfO9w+dxaYH</latexit><latexit sha1_base64="Z30TRLfrkJpbN38hWvhmtcZTKGk=">AAACLnicbVBNSwMxFMz6bf2qevQSLIIXy24R1IMgCOJJK1grdMuSTV/bYDa7JG/FsvQfefGv9CKi4tWfYdruQW0HAsPMPF7ehIkUBl33zZmZnZtfWFxaLqysrq1vFDe37kycag41HstY34fMgBQKaihQwn2igUWhhHr4cD7064+gjYjVLfYSaEaso0RbcIZWCooX/nUEHRZ49JSOKT2gfpxrPsITZpSpFu3ndlCZkqwExZJbdkegk8TLSYnkqAbFgd+KeRqBQi6ZMQ3PTbCZMY2CS+gX/NRAwvgD60DDUsUiMM1sdG+f7lmlRduxtk8hHam/JzIWGdOLQpuMGHbNf28oTvMaKbaPm5lQSYqg+HhRO5UUYzosj7aEBo6yZwnjWti/Ut5lmnG0FRdsCd7/kydJrVI+KXs3h6Wzq7yNJbJDdsk+8cgROSOXpEpqhJNnMiDv5MN5cV6dT+drHJ1x8plt8gfO9w+dxaYH</latexit><latexit sha1_base64="Z30TRLfrkJpbN38hWvhmtcZTKGk=">AAACLnicbVBNSwMxFMz6bf2qevQSLIIXy24R1IMgCOJJK1grdMuSTV/bYDa7JG/FsvQfefGv9CKi4tWfYdruQW0HAsPMPF7ehIkUBl33zZmZnZtfWFxaLqysrq1vFDe37kycag41HstY34fMgBQKaihQwn2igUWhhHr4cD7064+gjYjVLfYSaEaso0RbcIZWCooX/nUEHRZ49JSOKT2gfpxrPsITZpSpFu3ndlCZkqwExZJbdkegk8TLSYnkqAbFgd+KeRqBQi6ZMQ3PTbCZMY2CS+gX/NRAwvgD60DDUsUiMM1sdG+f7lmlRduxtk8hHam/JzIWGdOLQpuMGHbNf28oTvMaKbaPm5lQSYqg+HhRO5UUYzosj7aEBo6yZwnjWti/Ut5lmnG0FRdsCd7/kydJrVI+KXs3h6Wzq7yNJbJDdsk+8cgROSOXpEpqhJNnMiDv5MN5cV6dT+drHJ1x8plt8gfO9w+dxaYH</latexit>

• Therefore, it is desirable to choose Ω’ as the whole set of entries which are 
harder to predict than average: 8(i, j) 2 ⌦

0, |Ri,j � R̂i,j | � D⌦(R̂)
<latexit sha1_base64="uTKvNUe/g/dCRGh3SrM5IrowvdY="></latexit><latexit sha1_base64="uTKvNUe/g/dCRGh3SrM5IrowvdY="></latexit><latexit sha1_base64="uTKvNUe/g/dCRGh3SrM5IrowvdY="></latexit><latexit sha1_base64="uTKvNUe/g/dCRGh3SrM5IrowvdY="></latexit>
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• Theorem 1 and Theorem 2 only consider choosing one Ω’  
to find stable matrix approximations. 

• Is it possible to choose more than one Ω’ that satisfy stable condition, 
and yield more stable solutions by minimizing them all together.

• The Theorem 3 shows that incorporating K such entry sets (Ω’)  
will be more stable than incorporating any (K − 1) out of the K entry sets.

BETTER STABILITY BY MULTIPLE SUBSETS

• Let                                                     satisfying

• Let                                             . 

• For any 

•                                            and                
are    -stable and    -stable respectively.

• Then, 

Theorem 3

�1
<latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit>

�2
<latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit>

!1, · · · ,!K 2 ⌦(K > 1, |⌦| > 2)
<latexit sha1_base64="jaqMqkdMJ9Mi/9gSPy/BJZpHmgs=">AAACJnicbVDLSgMxFM34rPU16tJNsAgVpMwUQd2UghuhoBUcW+iUIZNJ29BMMiQZobT9Gzf+ihvBB+LOTzF9CNp6IOTcc88luSdMGFXacT6thcWl5ZXVzFp2fWNza9ve2b1TIpWYeFgwIeshUoRRTjxNNSP1RBIUh4zUwu7FqF+7J1JRwW91LyHNGLU5bVGMtJECu+SLmLRR4B5DH0dCK3NPlAqEPuXQvx5VMF+BJWhMgx9hYOriUWDnnIIzBpwn7pTkwBTVwH7xI4HTmHCNGVKq4TqJbvaR1BQzMsz6qSIJwl3UJg1DOYqJavbHew7hoVEi2BLSHK7hWP090UexUr04NM4Y6Y6a7Y3E/3qNVLfOmn3Kk1QTjicPtVIGtYCj0GBEJcGa9QxBWFLzV4g7SCKsTbRZE4I7u/I88YqF84J7c5IrX03TyIB9cADywAWnoAwuQRV4AIMH8ARewZv1aD1b79bHxLpgTWf2wB9YX9/UPKHI</latexit><latexit sha1_base64="jaqMqkdMJ9Mi/9gSPy/BJZpHmgs=">AAACJnicbVDLSgMxFM34rPU16tJNsAgVpMwUQd2UghuhoBUcW+iUIZNJ29BMMiQZobT9Gzf+ihvBB+LOTzF9CNp6IOTcc88luSdMGFXacT6thcWl5ZXVzFp2fWNza9ve2b1TIpWYeFgwIeshUoRRTjxNNSP1RBIUh4zUwu7FqF+7J1JRwW91LyHNGLU5bVGMtJECu+SLmLRR4B5DH0dCK3NPlAqEPuXQvx5VMF+BJWhMgx9hYOriUWDnnIIzBpwn7pTkwBTVwH7xI4HTmHCNGVKq4TqJbvaR1BQzMsz6qSIJwl3UJg1DOYqJavbHew7hoVEi2BLSHK7hWP090UexUr04NM4Y6Y6a7Y3E/3qNVLfOmn3Kk1QTjicPtVIGtYCj0GBEJcGa9QxBWFLzV4g7SCKsTbRZE4I7u/I88YqF84J7c5IrX03TyIB9cADywAWnoAwuQRV4AIMH8ARewZv1aD1b79bHxLpgTWf2wB9YX9/UPKHI</latexit><latexit sha1_base64="jaqMqkdMJ9Mi/9gSPy/BJZpHmgs=">AAACJnicbVDLSgMxFM34rPU16tJNsAgVpMwUQd2UghuhoBUcW+iUIZNJ29BMMiQZobT9Gzf+ihvBB+LOTzF9CNp6IOTcc88luSdMGFXacT6thcWl5ZXVzFp2fWNza9ve2b1TIpWYeFgwIeshUoRRTjxNNSP1RBIUh4zUwu7FqF+7J1JRwW91LyHNGLU5bVGMtJECu+SLmLRR4B5DH0dCK3NPlAqEPuXQvx5VMF+BJWhMgx9hYOriUWDnnIIzBpwn7pTkwBTVwH7xI4HTmHCNGVKq4TqJbvaR1BQzMsz6qSIJwl3UJg1DOYqJavbHew7hoVEi2BLSHK7hWP090UexUr04NM4Y6Y6a7Y3E/3qNVLfOmn3Kk1QTjicPtVIGtYCj0GBEJcGa9QxBWFLzV4g7SCKsTbRZE4I7u/I88YqF84J7c5IrX03TyIB9cADywAWnoAwuQRV4AIMH8ARewZv1aD1b79bHxLpgTWf2wB9YX9/UPKHI</latexit><latexit sha1_base64="jaqMqkdMJ9Mi/9gSPy/BJZpHmgs=">AAACJnicbVDLSgMxFM34rPU16tJNsAgVpMwUQd2UghuhoBUcW+iUIZNJ29BMMiQZobT9Gzf+ihvBB+LOTzF9CNp6IOTcc88luSdMGFXacT6thcWl5ZXVzFp2fWNza9ve2b1TIpWYeFgwIeshUoRRTjxNNSP1RBIUh4zUwu7FqF+7J1JRwW91LyHNGLU5bVGMtJECu+SLmLRR4B5DH0dCK3NPlAqEPuXQvx5VMF+BJWhMgx9hYOriUWDnnIIzBpwn7pTkwBTVwH7xI4HTmHCNGVKq4TqJbvaR1BQzMsz6qSIJwl3UJg1DOYqJavbHew7hoVEi2BLSHK7hWP090UexUr04NM4Y6Y6a7Y3E/3qNVLfOmn3Kk1QTjicPtVIGtYCj0GBEJcGa9QxBWFLzV4g7SCKsTbRZE4I7u/I88YqF84J7c5IrX03TyIB9cADywAWnoAwuQRV4AIMH8ARewZv1aD1b79bHxLpgTWf2wB9YX9/UPKHI</latexit>

8(i, j) 2 !k (1  k  K), |Ri,j � R̂i,j |  D⌦(R̂)
<latexit sha1_base64="HIytyRzg3PvALpKL6Vm4n4dLyRc="></latexit><latexit sha1_base64="HIytyRzg3PvALpKL6Vm4n4dLyRc="></latexit><latexit sha1_base64="HIytyRzg3PvALpKL6Vm4n4dLyRc="></latexit><latexit sha1_base64="HIytyRzg3PvALpKL6Vm4n4dLyRc="></latexit>

⌦k = ⌦� !k (81  k  K)
<latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit><latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit><latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit><latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit>

✏ > 0 and 1 > �0,�1, · · · ,�K > 0
�

⌃
K

i=0
�i = 1

�

<latexit sha1_base64="flCvYaRbQuEbUHLoFYsJBrl9VjM="></latexit><latexit sha1_base64="flCvYaRbQuEbUHLoFYsJBrl9VjM="></latexit><latexit sha1_base64="flCvYaRbQuEbUHLoFYsJBrl9VjM="></latexit><latexit sha1_base64="flCvYaRbQuEbUHLoFYsJBrl9VjM="></latexit>
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• One of the Guidelines to obtain hard predictable subsets of Ω?

• 1) Choose                              satisfying  
    Let 

• 2) Divide      into K non-overlapping subsets                       with the condition that  
                                  , and let

• 3) Minimize 

• Is it better than minimizing                                         ? 

• → Theorem 4

HOW TO FIND MULTIPLE SUBSETS?

8(i, j) 2 !, |Ri,j � R̂i,j |  D⌦(R̂)
<latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit><latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit><latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit><latexit sha1_base64="QKSqsgmGqwvE3kBA619AMM23eWA="></latexit>

! ⇢ ⌦(|⌦| > 2)
<latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit><latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit><latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit><latexit sha1_base64="ACA68GZluiyAFA/yKy15tzEFgIo=">AAACD3icbZDNSgMxFIUz9a/Wv6pLN8Ei1k2ZKYK6kYIbV1rBsYVOKZn0ThuayQxJRihtH8GNr+LGhYpbt+58G9N2BG09EPhy7r0k9/gxZ0rb9peVWVhcWl7JrubW1jc2t/LbO3cqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dzexfjeu0epGKRuNX9GJoh6QgWMEq0sVr5Qy8KoUOwpxJfgcbe9eRaxMMfHOJzXD5q5Qt2yZ4Iz4OTQgGlqrbyn147okkIQlNOlGo4dqybAyI1oxxGOS9REBPaIx1oGBQkBNUcTBYa4QPjtHEQSXOExhP398SAhEr1Q990hkR31WxtbP5XayQ6OG0OmIgTDYJOHwoSjnWEx+ngNpNANe8bIFQy81dMu0QSqk2GOROCM7vyPLjl0lnJuTkuVK7SNLJoD+2jInLQCaqgS1RFLqLoAT2hF/RqPVrP1pv1Pm3NWOnMLvoj6+MbsJaaqw==</latexit>

⌦0 = ⌦� !
<latexit sha1_base64="pnDuJrZ2chHlkwbwzC/AgtPHcAo=">AAACAnicbZDLSsNAFIYnXmu9Rd3pZrAIbiyJCOpCKLhxpRWsLTShTKaTduhcwsxEKKHgxldx40LFrU/hzrdxmmahrT8MfPznHM6cP0oY1cbzvp25+YXFpeXSSnl1bX1j093avtcyVZg0sGRStSKkCaOCNAw1jLQSRRCPGGlGg8txvflAlKZS3JlhQkKOeoLGFCNjrY67G9xw0kMdD17ACcIjGMjccyte1csFZ8EvoAIK1TvuV9CVOOVEGMyQ1m3fS0yYIWUoZmRUDlJNEoQHqEfaFgXiRIdZfsMIHlinC2Op7BMG5u7viQxxrYc8sp0cmb6ero3N/2rt1MRnYUZFkhoi8GRRnDJoJBwHArtUEWzY0ALCitq/QtxHCmFjYyvbEPzpk2ehcVw9r/q3J5XadZFGCeyBfXAIfHAKauAK1EEDYPAInsEreHOenBfn3fmYtM45xcwO+CPn8wfWcpX3</latexit><latexit sha1_base64="pnDuJrZ2chHlkwbwzC/AgtPHcAo=">AAACAnicbZDLSsNAFIYnXmu9Rd3pZrAIbiyJCOpCKLhxpRWsLTShTKaTduhcwsxEKKHgxldx40LFrU/hzrdxmmahrT8MfPznHM6cP0oY1cbzvp25+YXFpeXSSnl1bX1j093avtcyVZg0sGRStSKkCaOCNAw1jLQSRRCPGGlGg8txvflAlKZS3JlhQkKOeoLGFCNjrY67G9xw0kMdD17ACcIjGMjccyte1csFZ8EvoAIK1TvuV9CVOOVEGMyQ1m3fS0yYIWUoZmRUDlJNEoQHqEfaFgXiRIdZfsMIHlinC2Op7BMG5u7viQxxrYc8sp0cmb6ero3N/2rt1MRnYUZFkhoi8GRRnDJoJBwHArtUEWzY0ALCitq/QtxHCmFjYyvbEPzpk2ehcVw9r/q3J5XadZFGCeyBfXAIfHAKauAK1EEDYPAInsEreHOenBfn3fmYtM45xcwO+CPn8wfWcpX3</latexit><latexit sha1_base64="pnDuJrZ2chHlkwbwzC/AgtPHcAo=">AAACAnicbZDLSsNAFIYnXmu9Rd3pZrAIbiyJCOpCKLhxpRWsLTShTKaTduhcwsxEKKHgxldx40LFrU/hzrdxmmahrT8MfPznHM6cP0oY1cbzvp25+YXFpeXSSnl1bX1j093avtcyVZg0sGRStSKkCaOCNAw1jLQSRRCPGGlGg8txvflAlKZS3JlhQkKOeoLGFCNjrY67G9xw0kMdD17ACcIjGMjccyte1csFZ8EvoAIK1TvuV9CVOOVEGMyQ1m3fS0yYIWUoZmRUDlJNEoQHqEfaFgXiRIdZfsMIHlinC2Op7BMG5u7viQxxrYc8sp0cmb6ero3N/2rt1MRnYUZFkhoi8GRRnDJoJBwHArtUEWzY0ALCitq/QtxHCmFjYyvbEPzpk2ehcVw9r/q3J5XadZFGCeyBfXAIfHAKauAK1EEDYPAInsEreHOenBfn3fmYtM45xcwO+CPn8wfWcpX3</latexit><latexit sha1_base64="pnDuJrZ2chHlkwbwzC/AgtPHcAo=">AAACAnicbZDLSsNAFIYnXmu9Rd3pZrAIbiyJCOpCKLhxpRWsLTShTKaTduhcwsxEKKHgxldx40LFrU/hzrdxmmahrT8MfPznHM6cP0oY1cbzvp25+YXFpeXSSnl1bX1j093avtcyVZg0sGRStSKkCaOCNAw1jLQSRRCPGGlGg8txvflAlKZS3JlhQkKOeoLGFCNjrY67G9xw0kMdD17ACcIjGMjccyte1csFZ8EvoAIK1TvuV9CVOOVEGMyQ1m3fS0yYIWUoZmRUDlJNEoQHqEfaFgXiRIdZfsMIHlinC2Op7BMG5u7viQxxrYc8sp0cmb6ero3N/2rt1MRnYUZFkhoi8GRRnDJoJBwHArtUEWzY0ALCitq/QtxHCmFjYyvbEPzpk2ehcVw9r/q3J5XadZFGCeyBfXAIfHAKauAK1EEDYPAInsEreHOenBfn3fmYtM45xcwO+CPn8wfWcpX3</latexit>

!
<latexit sha1_base64="vJkoCp3bJ6u2UidtsytORqtp/UM=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvAiyeJ4CaBZAmzk9lkzDyWmVkhLPkHLx5UvPpB3vwbJ8keNLGgoajqprsrTjkz1ve/vZXVtfWNzdJWeXtnd2+/cnDYNCrThIZEcaXbMTaUM0lDyyyn7VRTLGJOW/HoZuq3nqg2TMkHO05pJPBAsoQRbJ3U7CpBB7hXqfo1fwa0TIKCVKFAo1f56vYVyQSVlnBsTCfwUxvlWFtGOJ2Uu5mhKSYjPKAdRyUW1ET57NoJOnVKHyVKu5IWzdTfEzkWxoxF7DoFtkOz6E3F/7xOZpOrKGcyzSyVZL4oyTiyCk1fR32mKbF87AgmmrlbERlijYl1AZVdCMHiy8skPK9d14L7i2r9rkijBMdwAmcQwCXU4RYaEAKBR3iGV3jzlPfivXsf89YVr5g5gj/wPn8AAEGO+w==</latexit><latexit sha1_base64="vJkoCp3bJ6u2UidtsytORqtp/UM=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvAiyeJ4CaBZAmzk9lkzDyWmVkhLPkHLx5UvPpB3vwbJ8keNLGgoajqprsrTjkz1ve/vZXVtfWNzdJWeXtnd2+/cnDYNCrThIZEcaXbMTaUM0lDyyyn7VRTLGJOW/HoZuq3nqg2TMkHO05pJPBAsoQRbJ3U7CpBB7hXqfo1fwa0TIKCVKFAo1f56vYVyQSVlnBsTCfwUxvlWFtGOJ2Uu5mhKSYjPKAdRyUW1ET57NoJOnVKHyVKu5IWzdTfEzkWxoxF7DoFtkOz6E3F/7xOZpOrKGcyzSyVZL4oyTiyCk1fR32mKbF87AgmmrlbERlijYl1AZVdCMHiy8skPK9d14L7i2r9rkijBMdwAmcQwCXU4RYaEAKBR3iGV3jzlPfivXsf89YVr5g5gj/wPn8AAEGO+w==</latexit><latexit sha1_base64="vJkoCp3bJ6u2UidtsytORqtp/UM=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvAiyeJ4CaBZAmzk9lkzDyWmVkhLPkHLx5UvPpB3vwbJ8keNLGgoajqprsrTjkz1ve/vZXVtfWNzdJWeXtnd2+/cnDYNCrThIZEcaXbMTaUM0lDyyyn7VRTLGJOW/HoZuq3nqg2TMkHO05pJPBAsoQRbJ3U7CpBB7hXqfo1fwa0TIKCVKFAo1f56vYVyQSVlnBsTCfwUxvlWFtGOJ2Uu5mhKSYjPKAdRyUW1ET57NoJOnVKHyVKu5IWzdTfEzkWxoxF7DoFtkOz6E3F/7xOZpOrKGcyzSyVZL4oyTiyCk1fR32mKbF87AgmmrlbERlijYl1AZVdCMHiy8skPK9d14L7i2r9rkijBMdwAmcQwCXU4RYaEAKBR3iGV3jzlPfivXsf89YVr5g5gj/wPn8AAEGO+w==</latexit><latexit sha1_base64="vJkoCp3bJ6u2UidtsytORqtp/UM=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvAiyeJ4CaBZAmzk9lkzDyWmVkhLPkHLx5UvPpB3vwbJ8keNLGgoajqprsrTjkz1ve/vZXVtfWNzdJWeXtnd2+/cnDYNCrThIZEcaXbMTaUM0lDyyyn7VRTLGJOW/HoZuq3nqg2TMkHO05pJPBAsoQRbJ3U7CpBB7hXqfo1fwa0TIKCVKFAo1f56vYVyQSVlnBsTCfwUxvlWFtGOJ2Uu5mhKSYjPKAdRyUW1ET57NoJOnVKHyVKu5IWzdTfEzkWxoxF7DoFtkOz6E3F/7xOZpOrKGcyzSyVZL4oyTiyCk1fR32mKbF87AgmmrlbERlijYl1AZVdCMHiy8skPK9d14L7i2r9rkijBMdwAmcQwCXU4RYaEAKBR3iGV3jzlPfivXsf89YVr5g5gj/wPn8AAEGO+w==</latexit>

!1, · · · ,!K
<latexit sha1_base64="Z+YX4EHR+yhemC3izIEkXju0pZI=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBbBhZREBHVXcCMIUsHYQhPCZDJph85kwsxEKKHgxl9x40LFrV/hzr9x2mahrQcu93DOvczcE2WMKu0431ZlYXFpeaW6Wltb39jcsrd37pXIJSYeFkzIToQUYTQlnqaakU4mCeIRI+1ocDn22w9EKirSOz3MSMBRL6UJxUgbKbT3fMFJD4XuMfRxLLQyfapch3bdaTgTwHnilqQOSrRC+8uPBc45STVmSKmu62Q6KJDUFDMyqvm5IhnCA9QjXUNTxIkKiskNI3holBgmQppKNZyovzcKxJUa8shMcqT7atYbi/953Vwn50FB0yzXJMXTh5KcQS3gOBAYU0mwZkNDEJbU/BXiPpIIaxNbzYTgzp48T7yTxkXDvT2tN2/KNKpgHxyAI+CCM9AEV6AFPIDBI3gGr+DNerJerHfrYzpascqdXfAH1ucP5ZOWpA==</latexit><latexit sha1_base64="Z+YX4EHR+yhemC3izIEkXju0pZI=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBbBhZREBHVXcCMIUsHYQhPCZDJph85kwsxEKKHgxl9x40LFrV/hzr9x2mahrQcu93DOvczcE2WMKu0431ZlYXFpeaW6Wltb39jcsrd37pXIJSYeFkzIToQUYTQlnqaakU4mCeIRI+1ocDn22w9EKirSOz3MSMBRL6UJxUgbKbT3fMFJD4XuMfRxLLQyfapch3bdaTgTwHnilqQOSrRC+8uPBc45STVmSKmu62Q6KJDUFDMyqvm5IhnCA9QjXUNTxIkKiskNI3holBgmQppKNZyovzcKxJUa8shMcqT7atYbi/953Vwn50FB0yzXJMXTh5KcQS3gOBAYU0mwZkNDEJbU/BXiPpIIaxNbzYTgzp48T7yTxkXDvT2tN2/KNKpgHxyAI+CCM9AEV6AFPIDBI3gGr+DNerJerHfrYzpascqdXfAH1ucP5ZOWpA==</latexit><latexit sha1_base64="Z+YX4EHR+yhemC3izIEkXju0pZI=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBbBhZREBHVXcCMIUsHYQhPCZDJph85kwsxEKKHgxl9x40LFrV/hzr9x2mahrQcu93DOvczcE2WMKu0431ZlYXFpeaW6Wltb39jcsrd37pXIJSYeFkzIToQUYTQlnqaakU4mCeIRI+1ocDn22w9EKirSOz3MSMBRL6UJxUgbKbT3fMFJD4XuMfRxLLQyfapch3bdaTgTwHnilqQOSrRC+8uPBc45STVmSKmu62Q6KJDUFDMyqvm5IhnCA9QjXUNTxIkKiskNI3holBgmQppKNZyovzcKxJUa8shMcqT7atYbi/953Vwn50FB0yzXJMXTh5KcQS3gOBAYU0mwZkNDEJbU/BXiPpIIaxNbzYTgzp48T7yTxkXDvT2tN2/KNKpgHxyAI+CCM9AEV6AFPIDBI3gGr+DNerJerHfrYzpascqdXfAH1ucP5ZOWpA==</latexit><latexit sha1_base64="Z+YX4EHR+yhemC3izIEkXju0pZI=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBbBhZREBHVXcCMIUsHYQhPCZDJph85kwsxEKKHgxl9x40LFrV/hzr9x2mahrQcu93DOvczcE2WMKu0431ZlYXFpeaW6Wltb39jcsrd37pXIJSYeFkzIToQUYTQlnqaakU4mCeIRI+1ocDn22w9EKirSOz3MSMBRL6UJxUgbKbT3fMFJD4XuMfRxLLQyfapch3bdaTgTwHnilqQOSrRC+8uPBc45STVmSKmu62Q6KJDUFDMyqvm5IhnCA9QjXUNTxIkKiskNI3holBgmQppKNZyovzcKxJUa8shMcqT7atYbi/953Vwn50FB0yzXJMXTh5KcQS3gOBAYU0mwZkNDEJbU/BXiPpIIaxNbzYTgzp48T7yTxkXDvT2tN2/KNKpgHxyAI+CCM9AEV6AFPIDBI3gGr+DNerJerHfrYzpascqdXfAH1ucP5ZOWpA==</latexit>

⌦k = ⌦� !k (81  k  K)
<latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit><latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit><latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit><latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit>



�20

HOW TO FIND MULTIPLE SUBSETS?

• Let                          satisfying

• Divide     into K non-overlapping subsets                   
with the conditions that

• Let                     and                                            . 

• For any 

•                                         and                
are    -stable and    -stable respectively.

• Then, 

Theorem 4

�1
<latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit><latexit sha1_base64="r9UQgW05utQ0BxEYAZEYM48s6kw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGFNpTNZtou3Wzi7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSLvzTjFIKYDyfucUWOldjdCYWjP61Vrbt2dgSwTryA1KNDsVb+6UcKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGf3TsiJVSLST5QtachM/T2R01jrcRzazpiaoV70puJ/Xicz/csg5zLNDEo2X9TPBDEJmT5PIq6QGTG2hDLF7a2EDamizNiIKjYEb/HlZeKf1a/q3t15rXFbpFGGIziGU/DgAhpwA03wgYGAZ3iFN+fReXHenY95a8kpZg7hD5zPHyphj6A=</latexit>

�2
<latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit><latexit sha1_base64="lbsE7NtCbH6B192W/4i6YwyXzIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvBiyepYG2hDWWzmbRLN5u4uxFK6J/w4kHFq7/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxbDFEpGoTkA1Ci6xZbgR2EkV0jgQ2A5G11O//YRK80Tem3GKfkwHkkecUWOlTi9EYWi/3q9U3Zo7A1kmXkGqUKDZr3z1woRlMUrDBNW667mp8XOqDGcCJ+VepjGlbEQH2LVU0hi1n8/unZBTq4QkSpQtachM/T2R01jrcRzYzpiaoV70puJ/Xjcz0aWfc5lmBiWbL4oyQUxCps+TkCtkRowtoUxxeythQ6ooMzaisg3BW3x5mbTqtauad3debdwWaZTgGE7gDDy4gAbcQBNawEDAM7zCm/PovDjvzse8dcUpZo7gD5zPHyvkj6E=</latexit>

⌦k = ⌦� !k (81  k  K)
<latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit><latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit><latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit><latexit sha1_base64="DetsFyQWCyItUB9gRmXqpNsHL2I=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoC0siiroQCm4EQStYW2hCmExv2qGTBzMToYR+iRt/xY0LFRduxL9x2mahrQdmOJxzL/fe4yecSWVZ30Zhbn5hcam4XFpZXVvfMDe37mWcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk2/fzHymw8gJIujOzVIwA1JN2IBo0RpyTOPnZsQusTr43M8ofgAO/FEc3DFCWJBOMc2djjg/vi/2vfMslW1xsCzxM5JGeWoe+an04lpGkKkKCdStm0rUW5GhGKUw7DkpBISQvukC21NIxKCdLPxeUO8p5UO1ovoFyk8Vn93ZCSUchD6ujIkqienvZH4n9dOVXDqZixKUgURnQwKUo5VjEdZ4Q4TQBUfaEKoYHpXTHtEEKp0oiUdgj198ixpHFbPqvbtUbl2nadRRDtoF1WQjU5QDV2iOmogih7RM3pFb8aT8WK8Gx+T0oKR92yjPzC+fgAV+Z+U</latexit>

✏ > 0 and 1 > �0,�1, · · · ,�K > 0
�

⌃
K

i=0
�i = 1

�

<latexit sha1_base64="flCvYaRbQuEbUHLoFYsJBrl9VjM="></latexit><latexit sha1_base64="flCvYaRbQuEbUHLoFYsJBrl9VjM="></latexit><latexit sha1_base64="flCvYaRbQuEbUHLoFYsJBrl9VjM="></latexit><latexit sha1_base64="flCvYaRbQuEbUHLoFYsJBrl9VjM="></latexit>

⌦0 = ⌦� !
<latexit sha1_base64="pnDuJrZ2chHlkwbwzC/AgtPHcAo=">AAACAnicbZDLSsNAFIYnXmu9Rd3pZrAIbiyJCOpCKLhxpRWsLTShTKaTduhcwsxEKKHgxldx40LFrU/hzrdxmmahrT8MfPznHM6cP0oY1cbzvp25+YXFpeXSSnl1bX1j093avtcyVZg0sGRStSKkCaOCNAw1jLQSRRCPGGlGg8txvflAlKZS3JlhQkKOeoLGFCNjrY67G9xw0kMdD17ACcIjGMjccyte1csFZ8EvoAIK1TvuV9CVOOVEGMyQ1m3fS0yYIWUoZmRUDlJNEoQHqEfaFgXiRIdZfsMIHlinC2Op7BMG5u7viQxxrYc8sp0cmb6ero3N/2rt1MRnYUZFkhoi8GRRnDJoJBwHArtUEWzY0ALCitq/QtxHCmFjYyvbEPzpk2ehcVw9r/q3J5XadZFGCeyBfXAIfHAKauAK1EEDYPAInsEreHOenBfn3fmYtM45xcwO+CPn8wfWcpX3</latexit><latexit sha1_base64="pnDuJrZ2chHlkwbwzC/AgtPHcAo=">AAACAnicbZDLSsNAFIYnXmu9Rd3pZrAIbiyJCOpCKLhxpRWsLTShTKaTduhcwsxEKKHgxldx40LFrU/hzrdxmmahrT8MfPznHM6cP0oY1cbzvp25+YXFpeXSSnl1bX1j093avtcyVZg0sGRStSKkCaOCNAw1jLQSRRCPGGlGg8txvflAlKZS3JlhQkKOeoLGFCNjrY67G9xw0kMdD17ACcIjGMjccyte1csFZ8EvoAIK1TvuV9CVOOVEGMyQ1m3fS0yYIWUoZmRUDlJNEoQHqEfaFgXiRIdZfsMIHlinC2Op7BMG5u7viQxxrYc8sp0cmb6ero3N/2rt1MRnYUZFkhoi8GRRnDJoJBwHArtUEWzY0ALCitq/QtxHCmFjYyvbEPzpk2ehcVw9r/q3J5XadZFGCeyBfXAIfHAKauAK1EEDYPAInsEreHOenBfn3fmYtM45xcwO+CPn8wfWcpX3</latexit><latexit sha1_base64="pnDuJrZ2chHlkwbwzC/AgtPHcAo=">AAACAnicbZDLSsNAFIYnXmu9Rd3pZrAIbiyJCOpCKLhxpRWsLTShTKaTduhcwsxEKKHgxldx40LFrU/hzrdxmmahrT8MfPznHM6cP0oY1cbzvp25+YXFpeXSSnl1bX1j093avtcyVZg0sGRStSKkCaOCNAw1jLQSRRCPGGlGg8txvflAlKZS3JlhQkKOeoLGFCNjrY67G9xw0kMdD17ACcIjGMjccyte1csFZ8EvoAIK1TvuV9CVOOVEGMyQ1m3fS0yYIWUoZmRUDlJNEoQHqEfaFgXiRIdZfsMIHlinC2Op7BMG5u7viQxxrYc8sp0cmb6ero3N/2rt1MRnYUZFkhoi8GRRnDJoJBwHArtUEWzY0ALCitq/QtxHCmFjYyvbEPzpk2ehcVw9r/q3J5XadZFGCeyBfXAIfHAKauAK1EEDYPAInsEreHOenBfn3fmYtM45xcwO+CPn8wfWcpX3</latexit><latexit sha1_base64="pnDuJrZ2chHlkwbwzC/AgtPHcAo=">AAACAnicbZDLSsNAFIYnXmu9Rd3pZrAIbiyJCOpCKLhxpRWsLTShTKaTduhcwsxEKKHgxldx40LFrU/hzrdxmmahrT8MfPznHM6cP0oY1cbzvp25+YXFpeXSSnl1bX1j093avtcyVZg0sGRStSKkCaOCNAw1jLQSRRCPGGlGg8txvflAlKZS3JlhQkKOeoLGFCNjrY67G9xw0kMdD17ACcIjGMjccyte1csFZ8EvoAIK1TvuV9CVOOVEGMyQ1m3fS0yYIWUoZmRUDlJNEoQHqEfaFgXiRIdZfsMIHlinC2Op7BMG5u7viQxxrYc8sp0cmb6ero3N/2rt1MRnYUZFkhoi8GRRnDJoJBwHArtUEWzY0ALCitq/QtxHCmFjYyvbEPzpk2ehcVw9r/q3J5XadZFGCeyBfXAIfHAKauAK1EEDYPAInsEreHOenBfn3fmYtM45xcwO+CPn8wfWcpX3</latexit>

! ⇢ ⌦(|⌦| > 2)
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8(i, j) 2 !, |Ri,j � R̂i,j |  D⌦(R̂)
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• Vanilla Low-rank Matrix Factorization:

• Model formulation of SMA:

• By Theorem 3, Multiple hard predictable subsets are better than single 
predictable subsets. So, they make model can handle multiple subsets.

• Let 

MODEL FORMULATION

R̂ = argmax
X

D⌦(X), rank(X) = r
<latexit sha1_base64="psT5t07Pum7RxcISoUh4ShU0u6I="></latexit><latexit sha1_base64="psT5t07Pum7RxcISoUh4ShU0u6I="></latexit><latexit sha1_base64="psT5t07Pum7RxcISoUh4ShU0u6I="></latexit><latexit sha1_base64="psT5t07Pum7RxcISoUh4ShU0u6I="></latexit>

⌦1, · · · ,⌦K 2 ⌦, 8s 2 [1,K],D⌦x
� D⌦

<latexit sha1_base64="SXP3WFNFTVFQngBeeQU/9jO5SS4="></latexit><latexit sha1_base64="SXP3WFNFTVFQngBeeQU/9jO5SS4="></latexit><latexit sha1_base64="SXP3WFNFTVFQngBeeQU/9jO5SS4="></latexit><latexit sha1_base64="SXP3WFNFTVFQngBeeQU/9jO5SS4="></latexit>



�23

• The more hard-predictable subsets the better stability. 

• However, it is expensive to find such “hard predictable subsets”. Why?

• Because we don’t know which subset of entries to choose  
without any prior knowledge.  

• We can’t know final model without hard-predictable subsets.  
Also, we can’t know hard-predictable subsets without final model.  
(Which came first, the chicken or the egg?)

• In other words, 

• Recall

• To obtain such       is not trivial, because we can only check if the condition is 
satisfied with the final model.

• But the final model cannot be known before we define and optimize a given loss 
function. 

DIFFICULTIES IN SELECTING HARD PREDICTABLE SUBSETS

⌦s
<latexit sha1_base64="NbxRFS1uoRou7bg3C7Pnj6iBJyw=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vbw4kkrGFtoQ9lsJ+3S3U3c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZelHKmjed9O0vLK6tr66WN8ubW9s5uZW//QSeZohjQhCeqFRGNnEkMDDMcW6lCIiKOzWh4NfGbT6g0S+S9GaUYCtKXLGaUGCu1OrcC+6Sru5WqV/OmcBeJX5AqFGh0K1+dXkIzgdJQTrRu+15qwpwowyjHcbmTaUwJHZI+ti2VRKAO8+m9Y/fYKj03TpQtadyp+nsiJ0LrkYhspyBmoOe9ifif185MfBHmTKaZQUlni+KMuyZxJ8+7PaaQGj6yhFDF7K0uHRBFqLERlW0I/vzLiyQ4rV3W/Luzav2mSKMEh3AEJ+DDOdThGhoQAAUOz/AKb86j8+K8Ox+z1iWnmDmAP3A+fwBbq4/B</latexit><latexit sha1_base64="NbxRFS1uoRou7bg3C7Pnj6iBJyw=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vbw4kkrGFtoQ9lsJ+3S3U3c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZelHKmjed9O0vLK6tr66WN8ubW9s5uZW//QSeZohjQhCeqFRGNnEkMDDMcW6lCIiKOzWh4NfGbT6g0S+S9GaUYCtKXLGaUGCu1OrcC+6Sru5WqV/OmcBeJX5AqFGh0K1+dXkIzgdJQTrRu+15qwpwowyjHcbmTaUwJHZI+ti2VRKAO8+m9Y/fYKj03TpQtadyp+nsiJ0LrkYhspyBmoOe9ifif185MfBHmTKaZQUlni+KMuyZxJ8+7PaaQGj6yhFDF7K0uHRBFqLERlW0I/vzLiyQ4rV3W/Luzav2mSKMEh3AEJ+DDOdThGhoQAAUOz/AKb86j8+K8Ox+z1iWnmDmAP3A+fwBbq4/B</latexit><latexit sha1_base64="NbxRFS1uoRou7bg3C7Pnj6iBJyw=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vbw4kkrGFtoQ9lsJ+3S3U3c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZelHKmjed9O0vLK6tr66WN8ubW9s5uZW//QSeZohjQhCeqFRGNnEkMDDMcW6lCIiKOzWh4NfGbT6g0S+S9GaUYCtKXLGaUGCu1OrcC+6Sru5WqV/OmcBeJX5AqFGh0K1+dXkIzgdJQTrRu+15qwpwowyjHcbmTaUwJHZI+ti2VRKAO8+m9Y/fYKj03TpQtadyp+nsiJ0LrkYhspyBmoOe9ifif185MfBHmTKaZQUlni+KMuyZxJ8+7PaaQGj6yhFDF7K0uHRBFqLERlW0I/vzLiyQ4rV3W/Luzav2mSKMEh3AEJ+DDOdThGhoQAAUOz/AKb86j8+K8Ox+z1iWnmDmAP3A+fwBbq4/B</latexit><latexit sha1_base64="NbxRFS1uoRou7bg3C7Pnj6iBJyw=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vbw4kkrGFtoQ9lsJ+3S3U3c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZelHKmjed9O0vLK6tr66WN8ubW9s5uZW//QSeZohjQhCeqFRGNnEkMDDMcW6lCIiKOzWh4NfGbT6g0S+S9GaUYCtKXLGaUGCu1OrcC+6Sru5WqV/OmcBeJX5AqFGh0K1+dXkIzgdJQTrRu+15qwpwowyjHcbmTaUwJHZI+ti2VRKAO8+m9Y/fYKj03TpQtadyp+nsiJ0LrkYhspyBmoOe9ifif185MfBHmTKaZQUlni+KMuyZxJ8+7PaaQGj6yhFDF7K0uHRBFqLERlW0I/vzLiyQ4rV3W/Luzav2mSKMEh3AEJ+DDOdThGhoQAAUOz/AKb86j8+K8Ox+z1iWnmDmAP3A+fwBbq4/B</latexit>

⌦1, · · · ,⌦K ⇢ ⌦, 8s 2 [1,K],D⌦s
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• To address this issue:

• 1) Approximate the targeted matrix R with existing LRMA solutions.

• 2) for each entry (i, j) ∈ Ω, it is chosen with large probability if  
and small probability otherwise

• 3) Obtain Ω’ by removing the chosen entries to satisfy the condition of 
Proposition 1, or probe Ω’ to find hard predictable subsets that satisfy the 
condition of  Theorem 4. 

• → In this paper they chose Theorem 4.

• Underlying Assumptions: 

• LRMF methods will not dramatically differ from final model of SMA

• we can ensure that Ω’ will satisfy                   with high probability.

HARD PREDICTABLE SUBSETS SELECTION
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THE SMA ALGORITHM

Pretraining Part:

Finding Ω’ for SMA algorithm

using Theorem 4

Core Training Part:
Add Regularizer to avoid overfitting
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ACCURACY COMPARISONS

• Test RMSE on two benchmark datasets.

• Compared to other state-of-the-arts models, it showed good performance.

• SMA demonstrates similar stability to ensembles such as DFC, LLORMA, and 
WEMAREC.

• Most importantly, other models can not guarantee a gap between training and test 
errors, but SMA is possible.
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• RMSE vs the number of subsets K

• As the number of subsets increases, the RMSE decreases.

• RMSE vs rank r

• As the rank r increases, the SMA model does not overfit and the RMSE decreases.

EFFECTS OF HYPER PARAMETERS
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• Why did the authors choose Theorem 4 rather than Proposition 1 in the 
final algorithm?

• I think we can make final algorithm with Proposition 1.

• The authors assumed that the model used in pretrain and the final model are 
similar. Is the random sampling steps are necessary?

• I think they would better suggest reason why they use random sampling?

• Does this algorithm work for other fields or models?

• There is no assumption related to low-rank matrix factorization model in Theorem 1 
or others. I think we can use this concept in other models.

• I think this method can be regarded as regularization.

• Do we really need Theorem 3?

• I think Theorem 4 is enough for final SMA algorithm.

DISCUSSION POINTS



ANY QUESTIONS?


