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: LOW-RANK MATRIX FACTORIZATION (LRMF)

* Let Re R™*"™" U e R™*" V € R" " are matrices.

* Low-rank Matrix Factorization Problem:
We know only 1% of entries in R, how to complete low-rank matrix R?

* Optimization form:

A

R = arg m)}n Loss(R, X), rank(X) = .
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| LOW-RANK MATRIX APPROXIMATION

* |n vanilla Low-rank Matrix Factorization Problem,
a solution find one pair of U and V (single model).

* To enhance performance of single model,
we can use ensemble methods.

* We can say some algorithm is low-rank matrix approximation
when it finds multiple low-rank matrices to complete final matrix.

* For example,
* [ICML'|3] LLoRMA: Local Low-rank Matrix Approximation
* [NIPS'I7] MRMA: Mixture Rank Matrix Approximation
* [AAAI'l 7] GLOMA: Global Information in Local Matrix Approximation
« TICMP’16] SMA: Low-rank Matrix Approximation with Stability
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4 MOTIVATION OF THIS PAPER

* The Matrix R we have to complete is very sparse.

* We only know less than |% of total entries.

* Thus, single out-of-distribution entry
may sighificantly change the entire matrix.

* For example,

1 1 1
2 (7 o | LT L

x| 1 4]

DO

* Nowadays, due to the data poisoning attack, stability is becoming more
Important.

* Data Poisoning Attack on Collaborative Filtering [NIPS’16,’|8]:
Promote and demote specific items by creating many accounts that.
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4 EXISTING WORKS

* [NIPS’07] Probabilistic Matrix Factorization

R = argmax Loss(R, UVT) + A(|U |3 + [V|3)
* Jo handle noise by adding regularization terms

* Generalization error is too high.

* Koren handle stability issue by cross validation.

* Cross-validation technique have drawback that the amount of data available for
model learning is reduced.

* [ICML|3] LLoRMA suggested ensemble technique.

* Ensemble methods are computationally expensive due to the training sub models.

* — This paper will suggests stable ensemble method
which is hot computationally expensive.
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N
4 OVERVIEW OF THIS PAPER

* To suggest stable matrix approximation method: SMA
* First introduce the stability notion in LRMA.
* Develop theoretical guidelines for deriving LRMA solutions with high stability.
* Formulate a new optimization problem for achieving stable LRMA

* Develop a stochastic gradient descent method to solve the new optimization
problem.

* Show effectiveness in real datasets (Movielens, Netflix)

* The key contributions
* () First introduces the stability concept in LRMA.

* (2) Proposes a stable LRMA algorithm with high stability and high generalization
performance.

* (3) Makes significant improvement in prediction accuracy.
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4 WHAT IS ALGORITHMIC STABILITY?

* Replacing one element in the training set
to the algorithm’s output
in a stable learning algorithm.

* Bousquet & Elisseeff (2001), Lan et al., (2008) London et al., (2013) demonstrated.

* Var[ Training error ] is small.

* Training error = lest error

* This paper introduce this concepts to LRMA algorithm.
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)
y STABILITY W.R.T. MATRIX APPROXIMATION

* Root Mean Square Error (RMSE) is a common evaluation metric for
recommendation tasks.

D(R) = Trin > > (Rij —Rij)?, Da(R) = : > (Rij—Rij)

\ i=1 j=1 \ & (1,5) EQ

e Forany R € R™”*", Choose a subset of entries {2 from R uniformly.

N\

* Foragivene > 0, Dg(R) is §-stable if

N\

Pr ||D(R) — Do(R)| <e| >1—5

* The generalization error is bounded with high probability.

* Minimizing the training error will induce minimizing test error.
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y STABILITY W.R.T. MATRIX APPROXIMATION

KAIST I

For any R € R™”*", Choose a subset of entries {2 from R uniformly.

A

For a givene > 0, Dq(R) is §-stable if

N\

Pr ||[D(R) — Do(R)| <e| >1—6

For example,
Any two subsets of entries {27, ()5 from R
Approximating R by (27 is 07 -stable.
Approximating R by (25 is 05-stable.

A\

Dq, (ﬁ) is more stable than Dg, (R)if 01 < 02.

N\ N\

Minimizing Dq, (R) leads higher generalization performance than Dq,_ (R).

Smaller 4 means more stable.
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.| STABILITY VS. GENERALIZATION ERROR

* Experiments on Movielens | M dataset using RSVYD (Patrek, 2007).

o rank=5
V| 100% , ——e | = |
_ -ank=10 tability vs. Gen Error -+
5.5 80%
a 60%
| 40% |
<E 20% |-
§ v rank=15
| | 0% ' '
5;‘ 0.03 0.06 0.09 0.12 0.15 rank=20

RMSE Difference

* In the existing LRMA method,
e The test error becomes lower as the rank increases.

* However, the stability becomes lower and the generalization error
Increases as the rank increases.

* (Can’t provide stable recommendation even the rank is as low as 20.
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: IKEY FINDING OF T HIS PAPER

e (' < remove a subset of easily predictable entries from Q.

* Minimizing both Dq and Dgq- together will make more stable solution
than the solution of minimizing D¢, only.

* Formally,

* Let (a set of easily predictable entries) w C (|€2| > 2) which satisfies that
V(,7) € w,|Ri; — R, WIS Do(R)

* Let (a set of entries hard to predict) ) = O — w.

. Foranye>0and1>)\o,)\1>O()\0—|—)\1 1),

. )\ODQ(R) + AlDQ/(R) and Dq (R) are 0;-stable and d,-stable

respectively.
e Then, 91 < 09
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KEY FINDING OF THIS PAPER

Hoeffding’s Lemma

Let X € R be random variable.
* E[X]=0,and Pr|X € |a,b]| = 1.
* Then,forany s € R, E [e5*| < exp (%sz(b — a)?)

* (Proof Sketch of Theorem 1)

e Let D(R) — Do(R) € [—a,d]
B(etP(R)—Da(R))
6te

* By Markov’s inequality Pr[D(R) — Dq(R) > €] <

* Based on Hoeffding’s Lemma,

Pr[D(R) — Da(R) > ¢ < exp (5t°a7)

exp (te)

Pr[-D(R) + Da(R) > ¢ < 9RGI)

7\

* Similar steps on \gDq(R) + M1 Do/ (R)

* Via simple calculations, we can prove Theorem 1.
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4 CONDITION RELAXATION

* From Theorem |, we know that minimizing )\ODQ(R) + AlDQ/(R)
is better than minimizing Dq,(R) only.

e However, the condition of V(z,]) c w, |Ri,j _ }Az”| < DQ(R) IS
not necessary.

A

* The conclusion will be the same if Dw(ﬁ’,) < Dq(R).

* Let (a set of easily predictable entries) w C (|€2| > 2) which satisfies that
D, (R) < Da(R)

* Let (a set of entries hard to predict) Q' = Q) — w.

* Forany € > 0and1 > Ag,A\1 > 0 (Ao + A1 = 1),

. )\ODQ(R) + )\1DQ/(R) and Dq (R) are 0i-stable and d»-stable

respectively.
e Then, 01 < 09
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4 How MANY ENTRIES SHOULD WE REMOVE!
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Theorem | and Proposition | only prove that
it is beneficial to remove easily predictable entries from Q.

However, does not show we should remove.

Theorem 2 shows that removing more entries that satisfy
Rij — Rij| < Da(R)
can yield better ’.

Let wo C w1 C Q|| > 2)satisfying V(i,§) € wi, |Ri; — Ry
Let ) = Q —w; and Q5 = Q2 — wsy -
Forany e > Oand 1 > Ag,A\1 > 0 (Ao + A1 = 1),

)\ODQ(R) + A Dq, (R) and )\ODQ(R) + A Daq, (R)
are 0{-stable and 0,-stable respectively.

Then, 01 < 09

Therefore, it is desirable to choose ()’ as the whole set of entries which are
harder to predict than average: V(i,j) € ', |R; ; — Ri ;| > Dqo(R)




N
4 BETTER STABILITY BY MULTIPLE SUBSETS

* Theorem | and Theorem 2 only consider choosing one (O’
to find stable matrix approximations.

* Is it possible to choose more than one (2’ that satisfy stable condition,
and yield more stable solutions by minimizing them all together.

* The Theorem 3 shows that incorporating K such entry sets (£)’)
will be more stable than incorporating any (K — |) out of the K entry sets.

e Let wi, - ,wrg € QK > 1,|Q| > 2) satisfying
V(i,j) €wr (1< k< K),|Ri; — Ri,

e Let Q. =Q —wi (V1 <k<K).

e Forany e >0and 1 > Ag, A1,--+ , A >0 (5]50)\2- — 1)

° )‘ODQ(R) T Eke[l,K] )\kDQk(R) and (Ao + )\K)DQ(R) T Zke[l,K—l] )\kDQk(}A{)
are 01-stable and 02-stable respectively.

e Then, 01 < 09
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N
4 How TO FIND MULTIPLE SUBSETS?

* One of the Guidelines to obtain hard predictable subsets of ()?

* |) Choose w C Q(|Q| > 2) satisfying \V/(Z,]) c w, |Ri,j — Ri,j < DQ(R)
Let Q() = —w

* 2) Divide w into K non-overlapping subsets W1, * ,WK with the condition that
Uken,kiwe = w,andlet Qp = Q —wy (V1 <k < K)

* 3) Minimize )\QDQ(R)—I—Zi{Zl M. Dq, (R)

A A

* |s it better than minimizing A\oDq(R) + (1 — Ao)Dq,(R)?

e — Theorem 4
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4 How TO FIND MULTIPLE SUBSETS?

N\ N\

* Letw C Q(|Q2] > 2) satisfying V(i,j) € w,|R;; — Ri.j| < Da(R)
* Divide w into K non-overlapping subsets w1, - ,wWk
with the conditions that Ugcj1 kiwg = w

¢ Let =2 —wand Q=0 —wi (V1 <k <K).
o Forany€>()a,nd1>)\(),)\1,-“ ,)\K>O (5]50)\2-:1)

+ MoDa(R)+3 15— MDay (R) and AoDa(R) + (1 — o) Do, (R)
are §;-stable and 02-stable respectively.

e Then, 01 < 02
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N
4 MODEL FORMULATION

* Vanilla Low-rank Matrix Factorization:

A\

R = arg m)?XDQ(X), rank(X) =r

e Model formulation of SMA:

A\

K
R = arg min AgDq (X) | Z )\SDQS (X) S.1T. ’I“CL’IZ/*C(X) —3
A s=1

* By Theorem 3, Multiple hard predictable subsets are better than single
predictable subsets. So, they make model can handle multiple subsets.

e |et Ql,,QKéﬂp VSE[]'?K]7DQ:UEDQ
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4 DIFFICULTIES IN SELECTING HARD PREDICTABLE SUBSETS

* The more hard-predictable subsets the better stability.

* However, it is expensive to find such “hard predictable subsets”. Why?

e Because we don’t know which subset of entries to choose
without any prior knowledge.

* We can’t know final model without hard-predictable subsets.
Also, we can’t know hard-predictable subsets without final model.
(Which came first, the chicken or the egg?)

 |n other words,
* Recall Qq,---,Q CQ, Vse|l,K|,Dg. > Dq

e To obtain such {2, is not trivial, because we can only check if the condition is
satisfied with the final model.

* But the final model cannot be known before we define and optimize a given loss
function.
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4 HARD PREDICTABLE SUBSETS SELECTION

e Jo address this issue:

* |) Approximate the targeted matrix R with existing LRMA solutions.

» 2)for each entry (i, j) € ), it is chosen with large probability if
and small probability otherwise

* 3) Obtain (O’ by removing the chosen entries to satisfy the condition of

Proposition |, or probe ()’ to find hard predictable subsets that satisfy the
condition of Theorem 4.

* — In this paper they chose Theorem 4.

* Underlying Assumptions: o
 LRMF methods will not dramatically differ from final model of SMA R;; — Ri ;| < Dq

* we can ensure that ()’ will satisfy Dqg, > Dg with high probability.
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: THE SMA ALGORITHM

Algorithm 1 The SMA Learning Algorithm

Require: R is the targeted matrix, {2 is the set of entries
in R, and R is an approximation of R by existing L-
RMA methods. p > 0.5 1s the predefined probability
for entry selection. 1 and uo are the coetficients for
L2-regularization.

. Q=0

. for each (7,5) € Q do

randomly generate p € [0, 1];

if (|R; —R,J| <Dq&p<p)or(|R;; —R”| >

Daq &pé l—p) then

V' Q" U{(%4)}

end if

. end for

. randomly divide 2 into wq, ..., Wk (Uk. Jw; = Q);

. forall k € [1, K|, Qr = Q — wg;

10: (U,V):=arg minU,V[Z,l::l A\Dq, (ULTV)

MDoUVE) +py | U ]2 +p2 || V%]

11: return R = UV7T

b i S b3
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Pretraining Part:

Finding )’ for SMA algorithm
using Theorem 4

Core Training Part:
Add Regularizer to avoid overfitting
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ACCURACY COMPARISONS

e Test RMSE on two benchmark datasets.

MovieLens (10M) Netflix
RSVD 0.8256 4 0.0006 | 0.8534 + 0.0001
BPMF 0.8197 £ 0.0004 | 0.8421 4 0.0002
APG 0.8101 £ 0.0003 | 0.8476 £+ 0.0003
GSMF 0.8012 + 0.0011 | 0.8420 + 0.0006
DFC 0.8067 + 0.0002 | 0.8453 4 0.0003
LLORMA 0.7855 £ 0.0002 | 0.8275 4 0.0004
WEMAREC | 0.7775 &= 0.0007 | 0.8143 4 0.0001
\ SMA 0.7682 £+ 0.0003 | 0.8036 + 0.0004

* Compared to other state-of-the-arts models, it showed good performance.

* SMA demonstrates similar stability to ensembles such as DFC, LLORMA, and
WEMAREC.

* Most importantly, other models can not guarantee a gap between training and test
errors, but SMA is possible.
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. EFFECTS OF HYPER PARAMETERS

e RMSE vs the number of subsets K

 As the number of subsets increases, the RMSE decreases.

MovieLens 10M Netflix
0.84
0.86
RSVD RSVD
0.82 s BPMF | | ] e BPMF
__________________ -~ APG L s ——,—— APG
7 I == GSMF ty 0.84 7 -=-- GSMF
S 0.80 b e o | DFC | =~ DFC
o - - LLORMA 1 - - LLORMA
-=-- WEMAREC ---- WEMAREC
------------------ >¢ SMA 0.82 ¢ ¢ SMA
0.78 I 1 g~ T mmmmmEsmmmmmmmm—m————————————————————— '
(O— x x X 0,80 . % ¢ X
1 2 3 4 5 1 2 3 4 5

#Subsets #Subsets

e RMSE vs rank r

 As the rank r increases, the SMA model does not overfit and the RMSE decreases.

MovieLens 10M Netflix
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S 080 L] DFC 5>~ N B DFC
4 - - LLORMA e 083 _ __ ___ _________._ - - LLORMA
0.79 = WEMAREC = WEMAREC
------------------ > SMA 0.82 r > SMA
0.78 S I e D DT DD D DT |
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.| DISCUSSION POINTS

* Why did the authors choose Theorem 4 rather than Proposition | in the
final algorithm!?

* | think we can make final algorithm with Proposition 1.

* The authors assumed that the model used in pretrain and the final model are
similar. Is the random sampling steps are necessary!?

* | think they would better suggest reason why they use random sampling?

* Does this algorithm work for other fields or models?

* There is no assumption related to low-rank matrix factorization model in Theorem |
or others. | think we can use this concept in other models.

* | think this method can be regarded as regularization.

* Do we really need Theorem 3!
* | think Theorem 4 is enough for final SMA algorithm.
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ANY QUESTIONS!




