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• Let                                                      are matrices.

• Low-rank Matrix Factorization Problem:  
We know only 1% of entries in R, how to complete low-rank matrix R?

• Optimization form:

LOW-RANK MATRIX FACTORIZATION (LRMF)

R U VT≒ xm m

n

n

r

r

R 2 Rm⇥n, U 2 Rm⇥r, V 2 Rn⇥r
<latexit sha1_base64="WI/r+BC8V9iiHIKaNDQmKJSxYmg=">AAACQ3icdZDNSsNAFIUn9a/Wv6hLN4NFcCElEUHdFdy4klpMW0himUyn7dDJJMxMhBLycG58AHc+gRsXKm4FJ21AbfXCwOF893LvnCBmVCrLejJKC4tLyyvl1cra+sbmlrm905JRIjBxcMQi0QmQJIxy4iiqGOnEgqAwYKQdjC5y3r4jQtKI36hxTPwQDTjtU4yUtrqm24Qe5dALkRoGQdrMbtMQeoqGREKeHUHnfyw0bs1h/o27ZtWqWZOC88IuRBUU1eiaj14vwklIuMIMSenaVqz8FAlFMSNZxUskiREeoQFxteRI7/HTSQgZPNBOD/YjoR9XcOL+nEhRKOU4DHRnfq6cZbn5F3MT1T/zU8rjRBGOp4v6CYMqgnmisEcFwYqNtUBYUH0rxEMkEFY694oOwZ798rxwjmvnNfv6pFq/KtIogz2wDw6BDU5BHVyCBnAABvfgGbyCN+PBeDHejY9pa8koZnbBrzI+vwDdMbEZ</latexit><latexit sha1_base64="WI/r+BC8V9iiHIKaNDQmKJSxYmg=">AAACQ3icdZDNSsNAFIUn9a/Wv6hLN4NFcCElEUHdFdy4klpMW0himUyn7dDJJMxMhBLycG58AHc+gRsXKm4FJ21AbfXCwOF893LvnCBmVCrLejJKC4tLyyvl1cra+sbmlrm905JRIjBxcMQi0QmQJIxy4iiqGOnEgqAwYKQdjC5y3r4jQtKI36hxTPwQDTjtU4yUtrqm24Qe5dALkRoGQdrMbtMQeoqGREKeHUHnfyw0bs1h/o27ZtWqWZOC88IuRBUU1eiaj14vwklIuMIMSenaVqz8FAlFMSNZxUskiREeoQFxteRI7/HTSQgZPNBOD/YjoR9XcOL+nEhRKOU4DHRnfq6cZbn5F3MT1T/zU8rjRBGOp4v6CYMqgnmisEcFwYqNtUBYUH0rxEMkEFY694oOwZ798rxwjmvnNfv6pFq/KtIogz2wDw6BDU5BHVyCBnAABvfgGbyCN+PBeDHejY9pa8koZnbBrzI+vwDdMbEZ</latexit><latexit sha1_base64="WI/r+BC8V9iiHIKaNDQmKJSxYmg=">AAACQ3icdZDNSsNAFIUn9a/Wv6hLN4NFcCElEUHdFdy4klpMW0himUyn7dDJJMxMhBLycG58AHc+gRsXKm4FJ21AbfXCwOF893LvnCBmVCrLejJKC4tLyyvl1cra+sbmlrm905JRIjBxcMQi0QmQJIxy4iiqGOnEgqAwYKQdjC5y3r4jQtKI36hxTPwQDTjtU4yUtrqm24Qe5dALkRoGQdrMbtMQeoqGREKeHUHnfyw0bs1h/o27ZtWqWZOC88IuRBUU1eiaj14vwklIuMIMSenaVqz8FAlFMSNZxUskiREeoQFxteRI7/HTSQgZPNBOD/YjoR9XcOL+nEhRKOU4DHRnfq6cZbn5F3MT1T/zU8rjRBGOp4v6CYMqgnmisEcFwYqNtUBYUH0rxEMkEFY694oOwZ798rxwjmvnNfv6pFq/KtIogz2wDw6BDU5BHVyCBnAABvfgGbyCN+PBeDHejY9pa8koZnbBrzI+vwDdMbEZ</latexit><latexit sha1_base64="WI/r+BC8V9iiHIKaNDQmKJSxYmg=">AAACQ3icdZDNSsNAFIUn9a/Wv6hLN4NFcCElEUHdFdy4klpMW0himUyn7dDJJMxMhBLycG58AHc+gRsXKm4FJ21AbfXCwOF893LvnCBmVCrLejJKC4tLyyvl1cra+sbmlrm905JRIjBxcMQi0QmQJIxy4iiqGOnEgqAwYKQdjC5y3r4jQtKI36hxTPwQDTjtU4yUtrqm24Qe5dALkRoGQdrMbtMQeoqGREKeHUHnfyw0bs1h/o27ZtWqWZOC88IuRBUU1eiaj14vwklIuMIMSenaVqz8FAlFMSNZxUskiREeoQFxteRI7/HTSQgZPNBOD/YjoR9XcOL+nEhRKOU4DHRnfq6cZbn5F3MT1T/zU8rjRBGOp4v6CYMqgnmisEcFwYqNtUBYUH0rxEMkEFY694oOwZ798rxwjmvnNfv6pFq/KtIogz2wDw6BDU5BHVyCBnAABvfgGbyCN+PBeDHejY9pa8koZnbBrzI+vwDdMbEZ</latexit>
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• Each set(training set, test set) is a set of (i, j, Rij)s.

• i: row index, j: column index

• Rij: true rating of row i to column j. 

•    : the set of (i, j) corresponding to the training set (=The set of known entries).

• m is the number of rows, n is the number of columns.

• RMSE (Root Mean Square Error) was used for measuring accuracy.

•       is the cardinality of the    .

• Indicator Operator: 

•  

NOTATION

⌦
<latexit sha1_base64="QevwxOiyXhYIQIu06UQswEZLGZ8=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvAizcjuEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KU86M9f1vb2V1bX1js7RV3t7Z3duvHBw2jco0oSFRXOl2jA3lTNLQMstpO9UUi5jTVjy6mfqtJ6oNU/LBjlMaCTyQLGEEWyc1u3eCDnCvUvVr/gxomQQFqUKBRq/y1e0rkgkqLeHYmE7gpzbKsbaMcDopdzNDU0xGeEA7jkosqIny2bUTdOqUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCZXUc5kmlkqyXxRknFkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq7EILFl5dJeF67rgX3F9W6X6RRgmM4gTMI4BLqcAsNCIHAIzzDK7x5ynvx3r2PeeuKV8wcwR94nz/GTI69</latexit><latexit sha1_base64="QevwxOiyXhYIQIu06UQswEZLGZ8=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvAizcjuEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KU86M9f1vb2V1bX1js7RV3t7Z3duvHBw2jco0oSFRXOl2jA3lTNLQMstpO9UUi5jTVjy6mfqtJ6oNU/LBjlMaCTyQLGEEWyc1u3eCDnCvUvVr/gxomQQFqUKBRq/y1e0rkgkqLeHYmE7gpzbKsbaMcDopdzNDU0xGeEA7jkosqIny2bUTdOqUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCZXUc5kmlkqyXxRknFkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq7EILFl5dJeF67rgX3F9W6X6RRgmM4gTMI4BLqcAsNCIHAIzzDK7x5ynvx3r2PeeuKV8wcwR94nz/GTI69</latexit><latexit sha1_base64="QevwxOiyXhYIQIu06UQswEZLGZ8=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvAizcjuEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KU86M9f1vb2V1bX1js7RV3t7Z3duvHBw2jco0oSFRXOl2jA3lTNLQMstpO9UUi5jTVjy6mfqtJ6oNU/LBjlMaCTyQLGEEWyc1u3eCDnCvUvVr/gxomQQFqUKBRq/y1e0rkgkqLeHYmE7gpzbKsbaMcDopdzNDU0xGeEA7jkosqIny2bUTdOqUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCZXUc5kmlkqyXxRknFkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq7EILFl5dJeF67rgX3F9W6X6RRgmM4gTMI4BLqcAsNCIHAIzzDK7x5ynvx3r2PeeuKV8wcwR94nz/GTI69</latexit><latexit sha1_base64="QevwxOiyXhYIQIu06UQswEZLGZ8=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvAizcjuEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KU86M9f1vb2V1bX1js7RV3t7Z3duvHBw2jco0oSFRXOl2jA3lTNLQMstpO9UUi5jTVjy6mfqtJ6oNU/LBjlMaCTyQLGEEWyc1u3eCDnCvUvVr/gxomQQFqUKBRq/y1e0rkgkqLeHYmE7gpzbKsbaMcDopdzNDU0xGeEA7jkosqIny2bUTdOqUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCZXUc5kmlkqyXxRknFkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq7EILFl5dJeF67rgX3F9W6X6RRgmM4gTMI4BLqcAsNCIHAIzzDK7x5ynvx3r2PeeuKV8wcwR94nz/GTI69</latexit>

R̂, R 2 Rm⇥n
<latexit sha1_base64="EGo0+wpGbNsctCEWF04o7ynaSbg=">AAACDnicbVBNS8NAEN3Ur1q/oh69LBbFg5REBPVW9OKxFmMLTSyb7bZdutmE3YlQQv6BF/+KFw8qXj1789+4/Tho64OBx3szzMwLE8E1OM63VVhYXFpeKa6W1tY3Nrfs7Z07HaeKMo/GIlbNkGgmuGQecBCsmShGolCwRji4GvmNB6Y0j+UtDBMWRKQneZdTAkZq24d+n0BWz49xHftcYj8i0A9Do9xnEfaBR0xjmbftslNxxsDzxJ2SMpqi1ra//E5M04hJoIJo3XKdBIKMKOBUsLzkp5olhA5Ij7UMlcTsCbLxPzk+MEoHd2NlSgIeq78nMhJpPYxC0zk6V896I/E/r5VC9zzIuExSYJJOFnVTgSHGo3BwhytGQQwNIVRxcyumfaIIBRNhyYTgzr48T7yTykXFvTktVy+naRTRHtpHR8hFZ6iKrlENeYiiR/SMXtGb9WS9WO/Wx6S1YE1ndtEfWJ8/jaeb8g==</latexit><latexit sha1_base64="EGo0+wpGbNsctCEWF04o7ynaSbg=">AAACDnicbVBNS8NAEN3Ur1q/oh69LBbFg5REBPVW9OKxFmMLTSyb7bZdutmE3YlQQv6BF/+KFw8qXj1789+4/Tho64OBx3szzMwLE8E1OM63VVhYXFpeKa6W1tY3Nrfs7Z07HaeKMo/GIlbNkGgmuGQecBCsmShGolCwRji4GvmNB6Y0j+UtDBMWRKQneZdTAkZq24d+n0BWz49xHftcYj8i0A9Do9xnEfaBR0xjmbftslNxxsDzxJ2SMpqi1ra//E5M04hJoIJo3XKdBIKMKOBUsLzkp5olhA5Ij7UMlcTsCbLxPzk+MEoHd2NlSgIeq78nMhJpPYxC0zk6V896I/E/r5VC9zzIuExSYJJOFnVTgSHGo3BwhytGQQwNIVRxcyumfaIIBRNhyYTgzr48T7yTykXFvTktVy+naRTRHtpHR8hFZ6iKrlENeYiiR/SMXtGb9WS9WO/Wx6S1YE1ndtEfWJ8/jaeb8g==</latexit><latexit sha1_base64="EGo0+wpGbNsctCEWF04o7ynaSbg=">AAACDnicbVBNS8NAEN3Ur1q/oh69LBbFg5REBPVW9OKxFmMLTSyb7bZdutmE3YlQQv6BF/+KFw8qXj1789+4/Tho64OBx3szzMwLE8E1OM63VVhYXFpeKa6W1tY3Nrfs7Z07HaeKMo/GIlbNkGgmuGQecBCsmShGolCwRji4GvmNB6Y0j+UtDBMWRKQneZdTAkZq24d+n0BWz49xHftcYj8i0A9Do9xnEfaBR0xjmbftslNxxsDzxJ2SMpqi1ra//E5M04hJoIJo3XKdBIKMKOBUsLzkp5olhA5Ij7UMlcTsCbLxPzk+MEoHd2NlSgIeq78nMhJpPYxC0zk6V896I/E/r5VC9zzIuExSYJJOFnVTgSHGo3BwhytGQQwNIVRxcyumfaIIBRNhyYTgzr48T7yTykXFvTktVy+naRTRHtpHR8hFZ6iKrlENeYiiR/SMXtGb9WS9WO/Wx6S1YE1ndtEfWJ8/jaeb8g==</latexit><latexit sha1_base64="EGo0+wpGbNsctCEWF04o7ynaSbg=">AAACDnicbVBNS8NAEN3Ur1q/oh69LBbFg5REBPVW9OKxFmMLTSyb7bZdutmE3YlQQv6BF/+KFw8qXj1789+4/Tho64OBx3szzMwLE8E1OM63VVhYXFpeKa6W1tY3Nrfs7Z07HaeKMo/GIlbNkGgmuGQecBCsmShGolCwRji4GvmNB6Y0j+UtDBMWRKQneZdTAkZq24d+n0BWz49xHftcYj8i0A9Do9xnEfaBR0xjmbftslNxxsDzxJ2SMpqi1ra//E5M04hJoIJo3XKdBIKMKOBUsLzkp5olhA5Ij7UMlcTsCbLxPzk+MEoHd2NlSgIeq78nMhJpPYxC0zk6V896I/E/r5VC9zzIuExSYJJOFnVTgSHGo3BwhytGQQwNIVRxcyumfaIIBRNhyYTgzr48T7yTykXFvTktVy+naRTRHtpHR8hFZ6iKrlENeYiiR/SMXtGb9WS9WO/Wx6S1YE1ndtEfWJ8/jaeb8g==</latexit>
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<latexit sha1_base64="AhOmQwf0oN8sVpt2aiAX3g06gEg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEUG8FL96sYGyhDWWznbRLd5OwuxFK6I/w4kHFq//Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYuizRCSqHVKNgsfoG24EtlOFVIYCW+HoZuq3nlBpnsQPZpxiIOkg5hFn1Fip1b2TOKCnvWrNrbszkGXiFaQGBZq96le3n7BMYmyYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5bGVKIO8tm5E3JilT6JEmUrNmSm/p7IqdR6LEPbKakZ6kVvKv7ndTITXQU5j9PMYMzmi6JMEJOQ6e+kzxUyI8aWUKa4vZWwIVWUGZtQxYbgLb68TPzz+nXdu7+oNdwijTIcwTGcgQeX0IBbaIIPDEbwDK/w5qTOi/PufMxbS04xcwh/4Hz+ACiCju4=</latexit><latexit sha1_base64="AhOmQwf0oN8sVpt2aiAX3g06gEg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEUG8FL96sYGyhDWWznbRLd5OwuxFK6I/w4kHFq//Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYuizRCSqHVKNgsfoG24EtlOFVIYCW+HoZuq3nlBpnsQPZpxiIOkg5hFn1Fip1b2TOKCnvWrNrbszkGXiFaQGBZq96le3n7BMYmyYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5bGVKIO8tm5E3JilT6JEmUrNmSm/p7IqdR6LEPbKakZ6kVvKv7ndTITXQU5j9PMYMzmi6JMEJOQ6e+kzxUyI8aWUKa4vZWwIVWUGZtQxYbgLb68TPzz+nXdu7+oNdwijTIcwTGcgQeX0IBbaIIPDEbwDK/w5qTOi/PufMxbS04xcwh/4Hz+ACiCju4=</latexit><latexit sha1_base64="AhOmQwf0oN8sVpt2aiAX3g06gEg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEUG8FL96sYGyhDWWznbRLd5OwuxFK6I/w4kHFq//Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYuizRCSqHVKNgsfoG24EtlOFVIYCW+HoZuq3nlBpnsQPZpxiIOkg5hFn1Fip1b2TOKCnvWrNrbszkGXiFaQGBZq96le3n7BMYmyYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5bGVKIO8tm5E3JilT6JEmUrNmSm/p7IqdR6LEPbKakZ6kVvKv7ndTITXQU5j9PMYMzmi6JMEJOQ6e+kzxUyI8aWUKa4vZWwIVWUGZtQxYbgLb68TPzz+nXdu7+oNdwijTIcwTGcgQeX0IBbaIIPDEbwDK/w5qTOi/PufMxbS04xcwh/4Hz+ACiCju4=</latexit><latexit sha1_base64="AhOmQwf0oN8sVpt2aiAX3g06gEg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEUG8FL96sYGyhDWWznbRLd5OwuxFK6I/w4kHFq//Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYuizRCSqHVKNgsfoG24EtlOFVIYCW+HoZuq3nlBpnsQPZpxiIOkg5hFn1Fip1b2TOKCnvWrNrbszkGXiFaQGBZq96le3n7BMYmyYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5bGVKIO8tm5E3JilT6JEmUrNmSm/p7IqdR6LEPbKakZ6kVvKv7ndTITXQU5j9PMYMzmi6JMEJOQ6e+kzxUyI8aWUKa4vZWwIVWUGZtQxYbgLb68TPzz+nXdu7+oNdwijTIcwTGcgQeX0IBbaIIPDEbwDK/w5qTOi/PufMxbS04xcwh/4Hz+ACiCju4=</latexit>

|⌦0|
<latexit sha1_base64="lqftWvWVOn1LrUfnslhQk2K3r3M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEUG8FL96sYGwhDWWz3bRLd7NhdyOUtD/DiwcVr/4bb/4bt20O2vpg4PHeDDPzopQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqHWFNOUuob5jhtJ0qikXEaSsa3kz91hNVmsnkwYxSGgrcT1jMCDZWCsaocydoH5+icbdac+vuDGiZeAWpQYFmt/rV6UmSCZoYwrHWgeemJsyxMoxwOql0Mk1TTIa4TwNLEyyoDvPZyRN0YpUeiqWylRg0U39P5FhoPRKR7RTYDPSiNxX/84LMxFdhzpI0MzQh80VxxpGRaPo/6jFFieEjSzBRzN6KyAArTIxNqWJD8BZfXib+ef267t1f1BpukUYZjuAYzsCDS2jALTTBBwISnuEV3hzjvDjvzse8teQUM4fwB87nD58AkE4=</latexit><latexit sha1_base64="lqftWvWVOn1LrUfnslhQk2K3r3M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEUG8FL96sYGwhDWWz3bRLd7NhdyOUtD/DiwcVr/4bb/4bt20O2vpg4PHeDDPzopQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqHWFNOUuob5jhtJ0qikXEaSsa3kz91hNVmsnkwYxSGgrcT1jMCDZWCsaocydoH5+icbdac+vuDGiZeAWpQYFmt/rV6UmSCZoYwrHWgeemJsyxMoxwOql0Mk1TTIa4TwNLEyyoDvPZyRN0YpUeiqWylRg0U39P5FhoPRKR7RTYDPSiNxX/84LMxFdhzpI0MzQh80VxxpGRaPo/6jFFieEjSzBRzN6KyAArTIxNqWJD8BZfXib+ef267t1f1BpukUYZjuAYzsCDS2jALTTBBwISnuEV3hzjvDjvzse8teQUM4fwB87nD58AkE4=</latexit><latexit sha1_base64="lqftWvWVOn1LrUfnslhQk2K3r3M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEUG8FL96sYGwhDWWz3bRLd7NhdyOUtD/DiwcVr/4bb/4bt20O2vpg4PHeDDPzopQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqHWFNOUuob5jhtJ0qikXEaSsa3kz91hNVmsnkwYxSGgrcT1jMCDZWCsaocydoH5+icbdac+vuDGiZeAWpQYFmt/rV6UmSCZoYwrHWgeemJsyxMoxwOql0Mk1TTIa4TwNLEyyoDvPZyRN0YpUeiqWylRg0U39P5FhoPRKR7RTYDPSiNxX/84LMxFdhzpI0MzQh80VxxpGRaPo/6jFFieEjSzBRzN6KyAArTIxNqWJD8BZfXib+ef267t1f1BpukUYZjuAYzsCDS2jALTTBBwISnuEV3hzjvDjvzse8teQUM4fwB87nD58AkE4=</latexit><latexit sha1_base64="lqftWvWVOn1LrUfnslhQk2K3r3M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEUG8FL96sYGwhDWWz3bRLd7NhdyOUtD/DiwcVr/4bb/4bt20O2vpg4PHeDDPzopQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqHWFNOUuob5jhtJ0qikXEaSsa3kz91hNVmsnkwYxSGgrcT1jMCDZWCsaocydoH5+icbdac+vuDGiZeAWpQYFmt/rV6UmSCZoYwrHWgeemJsyxMoxwOql0Mk1TTIa4TwNLEyyoDvPZyRN0YpUeiqWylRg0U39P5FhoPRKR7RTYDPSiNxX/84LMxFdhzpI0MzQh80VxxpGRaPo/6jFFieEjSzBRzN6KyAArTIxNqWJD8BZfXib+ef267t1f1BpukUYZjuAYzsCDS2jALTTBBwISnuEV3hzjvDjvzse8teQUM4fwB87nD58AkE4=</latexit>

1i,j =

⇢
1 if (i, j) 2 ⌦
0 otherwise

<latexit sha1_base64="CFycjGWklxDDCf6zjqtrsLtGCfg="></latexit><latexit sha1_base64="CFycjGWklxDDCf6zjqtrsLtGCfg="></latexit><latexit sha1_base64="CFycjGWklxDDCf6zjqtrsLtGCfg="></latexit><latexit sha1_base64="CFycjGWklxDDCf6zjqtrsLtGCfg="></latexit>
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• Optimization form of PMF:

• To find U and V via MAP (Maximum A Posteriori).

• A low-rank assumption (             ) and Gaussian noise assumptions.

• Also, place zero-mean spherical Gaussian priors on U and V,

PROBABILISTIC MATRIX FACTORIZATION (PMF)
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• The log of the posterior distribution over U and V,

• We can see sigmas as hyper-parameters. 

• Graphical Model for PMF:

PROBABILISTIC MATRIX FACTORIZATION (PMF)
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• In vanilla Low-rank Matrix Factorization Problem,  
a solution find one pair of U and V (single model).

• To enhance performance of single model,  
we can use ensemble methods. 

• We can say some algorithm is low-rank matrix approximation  
when it finds multiple low-rank matrices to complete final matrix.

• For example,

• [ICML’13] LLoRMA: Local Low-rank Matrix Approximation

• [ICML’16] SMA: Low-rank Matrix Approximation with Stability

• [AAAI’17] GLOMA: Global Information in Local Matrix Approximation

• [NIPS’17] MRMA: Mixture Rank Matrix Approximation
• The current states-of-the-arts model in Matrix Completion  

on Movielens 10M and Netflix dataset.

LOW-RANK MATRIX APPROXIMATION
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• Matrix Approximation methods proceed with ensembles in their own way.

• MRMA ensembles matrices with different ranks.

• Because we do not know which rank is appropriate.  

• Observation:

• For rows and columns with fewer samples, a lower rank is more appropriate.

• Otherwise, a higher rank is more appropriate.

OBSERVATION OF MRMA
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• Probabilistic Matrix Factorization (PMF):

• Mixture-rank Matrix Approximation (MRMA):  

•       : the weight for rank k of row i. 

•       : the weight for rank k of column j.

•             are the factorized matrices of the rank-k matrix approximation model.

CONDITIONAL PROBABILITY
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<latexit sha1_base64="rzUcx0Crp/tm/RsFTd0lzBU239I="></latexit><latexit sha1_base64="rzUcx0Crp/tm/RsFTd0lzBU239I="></latexit><latexit sha1_base64="rzUcx0Crp/tm/RsFTd0lzBU239I="></latexit><latexit sha1_base64="rzUcx0Crp/tm/RsFTd0lzBU239I="></latexit>



�12

• By placing a zero mean isotropic Gaussian prior similar to PMF,

• For                , the paper choose a Laplacian prior, 

• Because the models with most suitable ranks for each row/column should be with 
large weights, i.e.,                  should be sparse.

•                 : location parameters of             .

•                 : scale parameters of              .

CONDITIONAL PROBABILITY
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<latexit sha1_base64="ibGcVTj/nlukwg02DHvII4ki5Cs="></latexit><latexit sha1_base64="ibGcVTj/nlukwg02DHvII4ki5Cs="></latexit><latexit sha1_base64="ibGcVTj/nlukwg02DHvII4ki5Cs="></latexit><latexit sha1_base64="ibGcVTj/nlukwg02DHvII4ki5Cs="></latexit>

↵k and �k
<latexit sha1_base64="vv5EClcgQJall3ZFxRQQPhiWDNM=">AAACCnicbVA9SwNBEN2L3/ErammzGASrcCeC2gVsxErBGCGJYW4zSZbs7R27c2I40tv4V2wsVGz9BXb+GzcfhSY+GHj73gw788JESUu+/+3l5uYXFpeWV/Kra+sbm4Wt7Rsbp0ZgRcQqNrchWFRSY4UkKbxNDEIUKqyGvbOhX71HY2Wsr6mfYCOCjpZtKYCc1Czs1UElXbjLegNeJ3wgnnHQLe5eIdJIbxaKfskfgc+SYEKKbILLZuGr3opFGqEmocDaWuAn1MjAkBQKB/l6ajEB0YMO1hzVEKFtZKNbBnzfKS3ejo0rTXyk/p7IILK2H4WuMwLq2mlvKP7n1VJqnzQyqZOUUIvxR+1UcYr5MBjekgYFqb4jIIx0u3LRBQOCXHx5F0IwffIsqRyWTkvB1VGxfDFJY5ntsj12wAJ2zMrsnF2yChPskT2zV/bmPXkv3rv3MW7NeZOZHfYH3ucPB/Caow==</latexit><latexit sha1_base64="vv5EClcgQJall3ZFxRQQPhiWDNM=">AAACCnicbVA9SwNBEN2L3/ErammzGASrcCeC2gVsxErBGCGJYW4zSZbs7R27c2I40tv4V2wsVGz9BXb+GzcfhSY+GHj73gw788JESUu+/+3l5uYXFpeWV/Kra+sbm4Wt7Rsbp0ZgRcQqNrchWFRSY4UkKbxNDEIUKqyGvbOhX71HY2Wsr6mfYCOCjpZtKYCc1Czs1UElXbjLegNeJ3wgnnHQLe5eIdJIbxaKfskfgc+SYEKKbILLZuGr3opFGqEmocDaWuAn1MjAkBQKB/l6ajEB0YMO1hzVEKFtZKNbBnzfKS3ejo0rTXyk/p7IILK2H4WuMwLq2mlvKP7n1VJqnzQyqZOUUIvxR+1UcYr5MBjekgYFqb4jIIx0u3LRBQOCXHx5F0IwffIsqRyWTkvB1VGxfDFJY5ntsj12wAJ2zMrsnF2yChPskT2zV/bmPXkv3rv3MW7NeZOZHfYH3ucPB/Caow==</latexit><latexit sha1_base64="vv5EClcgQJall3ZFxRQQPhiWDNM=">AAACCnicbVA9SwNBEN2L3/ErammzGASrcCeC2gVsxErBGCGJYW4zSZbs7R27c2I40tv4V2wsVGz9BXb+GzcfhSY+GHj73gw788JESUu+/+3l5uYXFpeWV/Kra+sbm4Wt7Rsbp0ZgRcQqNrchWFRSY4UkKbxNDEIUKqyGvbOhX71HY2Wsr6mfYCOCjpZtKYCc1Czs1UElXbjLegNeJ3wgnnHQLe5eIdJIbxaKfskfgc+SYEKKbILLZuGr3opFGqEmocDaWuAn1MjAkBQKB/l6ajEB0YMO1hzVEKFtZKNbBnzfKS3ejo0rTXyk/p7IILK2H4WuMwLq2mlvKP7n1VJqnzQyqZOUUIvxR+1UcYr5MBjekgYFqb4jIIx0u3LRBQOCXHx5F0IwffIsqRyWTkvB1VGxfDFJY5ntsj12wAJ2zMrsnF2yChPskT2zV/bmPXkv3rv3MW7NeZOZHfYH3ucPB/Caow==</latexit><latexit sha1_base64="vv5EClcgQJall3ZFxRQQPhiWDNM=">AAACCnicbVA9SwNBEN2L3/ErammzGASrcCeC2gVsxErBGCGJYW4zSZbs7R27c2I40tv4V2wsVGz9BXb+GzcfhSY+GHj73gw788JESUu+/+3l5uYXFpeWV/Kra+sbm4Wt7Rsbp0ZgRcQqNrchWFRSY4UkKbxNDEIUKqyGvbOhX71HY2Wsr6mfYCOCjpZtKYCc1Czs1UElXbjLegNeJ3wgnnHQLe5eIdJIbxaKfskfgc+SYEKKbILLZuGr3opFGqEmocDaWuAn1MjAkBQKB/l6ajEB0YMO1hzVEKFtZKNbBnzfKS3ejo0rTXyk/p7IILK2H4WuMwLq2mlvKP7n1VJqnzQyqZOUUIvxR+1UcYr5MBjekgYFqb4jIIx0u3LRBQOCXHx5F0IwffIsqRyWTkvB1VGxfDFJY5ntsj12wAJ2zMrsnF2yChPskT2zV/bmPXkv3rv3MW7NeZOZHfYH3ucPB/Caow==</latexit>

↵k and �k
<latexit sha1_base64="vv5EClcgQJall3ZFxRQQPhiWDNM=">AAACCnicbVA9SwNBEN2L3/ErammzGASrcCeC2gVsxErBGCGJYW4zSZbs7R27c2I40tv4V2wsVGz9BXb+GzcfhSY+GHj73gw788JESUu+/+3l5uYXFpeWV/Kra+sbm4Wt7Rsbp0ZgRcQqNrchWFRSY4UkKbxNDEIUKqyGvbOhX71HY2Wsr6mfYCOCjpZtKYCc1Czs1UElXbjLegNeJ3wgnnHQLe5eIdJIbxaKfskfgc+SYEKKbILLZuGr3opFGqEmocDaWuAn1MjAkBQKB/l6ajEB0YMO1hzVEKFtZKNbBnzfKS3ejo0rTXyk/p7IILK2H4WuMwLq2mlvKP7n1VJqnzQyqZOUUIvxR+1UcYr5MBjekgYFqb4jIIx0u3LRBQOCXHx5F0IwffIsqRyWTkvB1VGxfDFJY5ntsj12wAJ2zMrsnF2yChPskT2zV/bmPXkv3rv3MW7NeZOZHfYH3ucPB/Caow==</latexit><latexit sha1_base64="vv5EClcgQJall3ZFxRQQPhiWDNM=">AAACCnicbVA9SwNBEN2L3/ErammzGASrcCeC2gVsxErBGCGJYW4zSZbs7R27c2I40tv4V2wsVGz9BXb+GzcfhSY+GHj73gw788JESUu+/+3l5uYXFpeWV/Kra+sbm4Wt7Rsbp0ZgRcQqNrchWFRSY4UkKbxNDEIUKqyGvbOhX71HY2Wsr6mfYCOCjpZtKYCc1Czs1UElXbjLegNeJ3wgnnHQLe5eIdJIbxaKfskfgc+SYEKKbILLZuGr3opFGqEmocDaWuAn1MjAkBQKB/l6ajEB0YMO1hzVEKFtZKNbBnzfKS3ejo0rTXyk/p7IILK2H4WuMwLq2mlvKP7n1VJqnzQyqZOUUIvxR+1UcYr5MBjekgYFqb4jIIx0u3LRBQOCXHx5F0IwffIsqRyWTkvB1VGxfDFJY5ntsj12wAJ2zMrsnF2yChPskT2zV/bmPXkv3rv3MW7NeZOZHfYH3ucPB/Caow==</latexit><latexit sha1_base64="vv5EClcgQJall3ZFxRQQPhiWDNM=">AAACCnicbVA9SwNBEN2L3/ErammzGASrcCeC2gVsxErBGCGJYW4zSZbs7R27c2I40tv4V2wsVGz9BXb+GzcfhSY+GHj73gw788JESUu+/+3l5uYXFpeWV/Kra+sbm4Wt7Rsbp0ZgRcQqNrchWFRSY4UkKbxNDEIUKqyGvbOhX71HY2Wsr6mfYCOCjpZtKYCc1Czs1UElXbjLegNeJ3wgnnHQLe5eIdJIbxaKfskfgc+SYEKKbILLZuGr3opFGqEmocDaWuAn1MjAkBQKB/l6ajEB0YMO1hzVEKFtZKNbBnzfKS3ejo0rTXyk/p7IILK2H4WuMwLq2mlvKP7n1VJqnzQyqZOUUIvxR+1UcYr5MBjekgYFqb4jIIx0u3LRBQOCXHx5F0IwffIsqRyWTkvB1VGxfDFJY5ntsj12wAJ2zMrsnF2yChPskT2zV/bmPXkv3rv3MW7NeZOZHfYH3ucPB/Caow==</latexit><latexit sha1_base64="vv5EClcgQJall3ZFxRQQPhiWDNM=">AAACCnicbVA9SwNBEN2L3/ErammzGASrcCeC2gVsxErBGCGJYW4zSZbs7R27c2I40tv4V2wsVGz9BXb+GzcfhSY+GHj73gw788JESUu+/+3l5uYXFpeWV/Kra+sbm4Wt7Rsbp0ZgRcQqNrchWFRSY4UkKbxNDEIUKqyGvbOhX71HY2Wsr6mfYCOCjpZtKYCc1Czs1UElXbjLegNeJ3wgnnHQLe5eIdJIbxaKfskfgc+SYEKKbILLZuGr3opFGqEmocDaWuAn1MjAkBQKB/l6ajEB0YMO1hzVEKFtZKNbBnzfKS3ejo0rTXyk/p7IILK2H4WuMwLq2mlvKP7n1VJqnzQyqZOUUIvxR+1UcYr5MBjekgYFqb4jIIx0u3LRBQOCXHx5F0IwffIsqRyWTkvB1VGxfDFJY5ntsj12wAJ2zMrsnF2yChPskT2zV/bmPXkv3rv3MW7NeZOZHfYH3ucPB/Caow==</latexit>
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<latexit sha1_base64="jSJigXbmFhgDb+ubvgD1rs7wJBg="></latexit><latexit sha1_base64="jSJigXbmFhgDb+ubvgD1rs7wJBg="></latexit><latexit sha1_base64="jSJigXbmFhgDb+ubvgD1rs7wJBg="></latexit><latexit sha1_base64="jSJigXbmFhgDb+ubvgD1rs7wJBg="></latexit>

µ↵ and µ�
<latexit sha1_base64="HVwf6SKT/zrTDH+W1lNdUUPuwng=">AAACDnicbVA9SwNBEN3z2/gVtbRZDIpVuBNB7QQbsYpgTCAXwtxmYhb39o7dOTEc+Qc2/hUbCxVbazv/jZuPQhMfDLx9b4adeVGqpCXf//ZmZufmFxaXlgsrq2vrG8XNrRubZEZgVSQqMfUILCqpsUqSFNZTgxBHCmvR3fnAr92jsTLR19RLsRnDrZYdKYCc1Cruh3HWykNQaRf6PCR8IJ5z0G3uXkMrQoJ+q1jyy/4QfJoEY1JiY1Raxa+wnYgsRk1CgbWNwE+pmYMhKRT2C2FmMQVxB7fYcFRDjLaZD+/p8z2ntHknMa408aH6eyKH2NpeHLnOGKhrJ72B+J/XyKhz0sylTjNCLUYfdTLFKeGDcHhbGhSkeo6AMNLtykUXDAhyERZcCMHkydOkelg+LQdXR6Wzy3EaS2yH7bIDFrBjdsYuWIVVmWCP7Jm9sjfvyXvx3r2PUeuMN57ZZn/gff4AVwuccw==</latexit><latexit sha1_base64="HVwf6SKT/zrTDH+W1lNdUUPuwng=">AAACDnicbVA9SwNBEN3z2/gVtbRZDIpVuBNB7QQbsYpgTCAXwtxmYhb39o7dOTEc+Qc2/hUbCxVbazv/jZuPQhMfDLx9b4adeVGqpCXf//ZmZufmFxaXlgsrq2vrG8XNrRubZEZgVSQqMfUILCqpsUqSFNZTgxBHCmvR3fnAr92jsTLR19RLsRnDrZYdKYCc1Cruh3HWykNQaRf6PCR8IJ5z0G3uXkMrQoJ+q1jyy/4QfJoEY1JiY1Raxa+wnYgsRk1CgbWNwE+pmYMhKRT2C2FmMQVxB7fYcFRDjLaZD+/p8z2ntHknMa408aH6eyKH2NpeHLnOGKhrJ72B+J/XyKhz0sylTjNCLUYfdTLFKeGDcHhbGhSkeo6AMNLtykUXDAhyERZcCMHkydOkelg+LQdXR6Wzy3EaS2yH7bIDFrBjdsYuWIVVmWCP7Jm9sjfvyXvx3r2PUeuMN57ZZn/gff4AVwuccw==</latexit><latexit sha1_base64="HVwf6SKT/zrTDH+W1lNdUUPuwng=">AAACDnicbVA9SwNBEN3z2/gVtbRZDIpVuBNB7QQbsYpgTCAXwtxmYhb39o7dOTEc+Qc2/hUbCxVbazv/jZuPQhMfDLx9b4adeVGqpCXf//ZmZufmFxaXlgsrq2vrG8XNrRubZEZgVSQqMfUILCqpsUqSFNZTgxBHCmvR3fnAr92jsTLR19RLsRnDrZYdKYCc1Cruh3HWykNQaRf6PCR8IJ5z0G3uXkMrQoJ+q1jyy/4QfJoEY1JiY1Raxa+wnYgsRk1CgbWNwE+pmYMhKRT2C2FmMQVxB7fYcFRDjLaZD+/p8z2ntHknMa408aH6eyKH2NpeHLnOGKhrJ72B+J/XyKhz0sylTjNCLUYfdTLFKeGDcHhbGhSkeo6AMNLtykUXDAhyERZcCMHkydOkelg+LQdXR6Wzy3EaS2yH7bIDFrBjdsYuWIVVmWCP7Jm9sjfvyXvx3r2PUeuMN57ZZn/gff4AVwuccw==</latexit><latexit sha1_base64="HVwf6SKT/zrTDH+W1lNdUUPuwng=">AAACDnicbVA9SwNBEN3z2/gVtbRZDIpVuBNB7QQbsYpgTCAXwtxmYhb39o7dOTEc+Qc2/hUbCxVbazv/jZuPQhMfDLx9b4adeVGqpCXf//ZmZufmFxaXlgsrq2vrG8XNrRubZEZgVSQqMfUILCqpsUqSFNZTgxBHCmvR3fnAr92jsTLR19RLsRnDrZYdKYCc1Cruh3HWykNQaRf6PCR8IJ5z0G3uXkMrQoJ+q1jyy/4QfJoEY1JiY1Raxa+wnYgsRk1CgbWNwE+pmYMhKRT2C2FmMQVxB7fYcFRDjLaZD+/p8z2ntHknMa408aH6eyKH2NpeHLnOGKhrJ72B+J/XyKhz0sylTjNCLUYfdTLFKeGDcHhbGhSkeo6AMNLtykUXDAhyERZcCMHkydOkelg+LQdXR6Wzy3EaS2yH7bIDFrBjdsYuWIVVmWCP7Jm9sjfvyXvx3r2PUeuMN57ZZn/gff4AVwuccw==</latexit>

b↵ and b�
<latexit sha1_base64="Xn4WAGv913gDz0QXwVabXM2HrLc=">AAACCnicbVA9SwNBEN3z2/gVtbRZEgSrcCeC2gVsxErBmEASwtxmYhb39o7dOTEc19v4V2wsVGz9BXb+GzcfhSY+GHi8N8PMvDBR0pLvf3tz8wuLS8srq4W19Y3NreL2zo2NUyOwJmIVm0YIFpXUWCNJChuJQYhChfXw7mzo1+/RWBnraxok2I7gVsueFEBO6hRLYSdrgUr6kPMW4QPxjIPu8pwPjRAJ8k6x7Ff8EfgsCSakzCa47BS/Wt1YpBFqEgqsbQZ+Qu0MDEmhMC+0UosJiDu4xaajGiK07Wz0S873ndLlvdi40sRH6u+JDCJrB1HoOiOgvp32huJ/XjOl3kk7kzpJCbUYL+qlilPMh8HwrjQoSA0cAWGku5WLPhgQ5OIruBCC6ZdnSe2wcloJro7K1YtJGitsj5XYAQvYMauyc3bJakywR/bMXtmb9+S9eO/ex7h1zpvM7LI/8D5/AO8/mpM=</latexit><latexit sha1_base64="Xn4WAGv913gDz0QXwVabXM2HrLc=">AAACCnicbVA9SwNBEN3z2/gVtbRZEgSrcCeC2gVsxErBmEASwtxmYhb39o7dOTEc19v4V2wsVGz9BXb+GzcfhSY+GHi8N8PMvDBR0pLvf3tz8wuLS8srq4W19Y3NreL2zo2NUyOwJmIVm0YIFpXUWCNJChuJQYhChfXw7mzo1+/RWBnraxok2I7gVsueFEBO6hRLYSdrgUr6kPMW4QPxjIPu8pwPjRAJ8k6x7Ff8EfgsCSakzCa47BS/Wt1YpBFqEgqsbQZ+Qu0MDEmhMC+0UosJiDu4xaajGiK07Wz0S873ndLlvdi40sRH6u+JDCJrB1HoOiOgvp32huJ/XjOl3kk7kzpJCbUYL+qlilPMh8HwrjQoSA0cAWGku5WLPhgQ5OIruBCC6ZdnSe2wcloJro7K1YtJGitsj5XYAQvYMauyc3bJakywR/bMXtmb9+S9eO/ex7h1zpvM7LI/8D5/AO8/mpM=</latexit><latexit sha1_base64="Xn4WAGv913gDz0QXwVabXM2HrLc=">AAACCnicbVA9SwNBEN3z2/gVtbRZEgSrcCeC2gVsxErBmEASwtxmYhb39o7dOTEc19v4V2wsVGz9BXb+GzcfhSY+GHi8N8PMvDBR0pLvf3tz8wuLS8srq4W19Y3NreL2zo2NUyOwJmIVm0YIFpXUWCNJChuJQYhChfXw7mzo1+/RWBnraxok2I7gVsueFEBO6hRLYSdrgUr6kPMW4QPxjIPu8pwPjRAJ8k6x7Ff8EfgsCSakzCa47BS/Wt1YpBFqEgqsbQZ+Qu0MDEmhMC+0UosJiDu4xaajGiK07Wz0S873ndLlvdi40sRH6u+JDCJrB1HoOiOgvp32huJ/XjOl3kk7kzpJCbUYL+qlilPMh8HwrjQoSA0cAWGku5WLPhgQ5OIruBCC6ZdnSe2wcloJro7K1YtJGitsj5XYAQvYMauyc3bJakywR/bMXtmb9+S9eO/ex7h1zpvM7LI/8D5/AO8/mpM=</latexit><latexit sha1_base64="Xn4WAGv913gDz0QXwVabXM2HrLc=">AAACCnicbVA9SwNBEN3z2/gVtbRZEgSrcCeC2gVsxErBmEASwtxmYhb39o7dOTEc19v4V2wsVGz9BXb+GzcfhSY+GHi8N8PMvDBR0pLvf3tz8wuLS8srq4W19Y3NreL2zo2NUyOwJmIVm0YIFpXUWCNJChuJQYhChfXw7mzo1+/RWBnraxok2I7gVsueFEBO6hRLYSdrgUr6kPMW4QPxjIPu8pwPjRAJ8k6x7Ff8EfgsCSakzCa47BS/Wt1YpBFqEgqsbQZ+Qu0MDEmhMC+0UosJiDu4xaajGiK07Wz0S873ndLlvdi40sRH6u+JDCJrB1HoOiOgvp32huJ/XjOl3kk7kzpJCbUYL+qlilPMh8HwrjQoSA0cAWGku5WLPhgQ5OIruBCC6ZdnSe2wcloJro7K1YtJGitsj5XYAQvYMauyc3bJakywR/bMXtmb9+S9eO/ex7h1zpvM7LI/8D5/AO8/mpM=</latexit>

↵ and �
<latexit sha1_base64="yWpuuevthvDA3PuWyS+zg8ynjn8=">AAACAnicbVDLSgNBEJz1bXxFvellMAiewq4I6k3wIp4iGBPIhtA76SRDZmeXmV4xLAEv/ooXDype/Qpv/o2Tx8FXQUNR1U13V5Qqacn3P72Z2bn5hcWl5cLK6tr6RnFz68YmmRFYFYlKTD0Ci0pqrJIkhfXUIMSRwlrUPx/5tVs0Vib6mgYpNmPoatmRAshJreJOCCrtAQ8J74jnHHSbD3kYIUGrWPLL/hj8LwmmpMSmqLSKH2E7EVmMmoQCaxuBn1IzB0NSKBwWwsxiCqIPXWw4qiFG28zHPwz5vlPavJMYV5r4WP0+kUNs7SCOXGcM1LO/vZH4n9fIqHPSzKVOM0ItJos6meKU8FEgvC0NClIDR0AY6W7logcGBLnYCi6E4PfLf0n1sHxaDq6OSmeX0zSW2C7bYwcsYMfsjF2wCqsywe7ZI3tmL96D9+S9em+T1hlvOrPNfsB7/wIye5bR</latexit><latexit sha1_base64="yWpuuevthvDA3PuWyS+zg8ynjn8=">AAACAnicbVDLSgNBEJz1bXxFvellMAiewq4I6k3wIp4iGBPIhtA76SRDZmeXmV4xLAEv/ooXDype/Qpv/o2Tx8FXQUNR1U13V5Qqacn3P72Z2bn5hcWl5cLK6tr6RnFz68YmmRFYFYlKTD0Ci0pqrJIkhfXUIMSRwlrUPx/5tVs0Vib6mgYpNmPoatmRAshJreJOCCrtAQ8J74jnHHSbD3kYIUGrWPLL/hj8LwmmpMSmqLSKH2E7EVmMmoQCaxuBn1IzB0NSKBwWwsxiCqIPXWw4qiFG28zHPwz5vlPavJMYV5r4WP0+kUNs7SCOXGcM1LO/vZH4n9fIqHPSzKVOM0ItJos6meKU8FEgvC0NClIDR0AY6W7logcGBLnYCi6E4PfLf0n1sHxaDq6OSmeX0zSW2C7bYwcsYMfsjF2wCqsywe7ZI3tmL96D9+S9em+T1hlvOrPNfsB7/wIye5bR</latexit><latexit sha1_base64="yWpuuevthvDA3PuWyS+zg8ynjn8=">AAACAnicbVDLSgNBEJz1bXxFvellMAiewq4I6k3wIp4iGBPIhtA76SRDZmeXmV4xLAEv/ooXDype/Qpv/o2Tx8FXQUNR1U13V5Qqacn3P72Z2bn5hcWl5cLK6tr6RnFz68YmmRFYFYlKTD0Ci0pqrJIkhfXUIMSRwlrUPx/5tVs0Vib6mgYpNmPoatmRAshJreJOCCrtAQ8J74jnHHSbD3kYIUGrWPLL/hj8LwmmpMSmqLSKH2E7EVmMmoQCaxuBn1IzB0NSKBwWwsxiCqIPXWw4qiFG28zHPwz5vlPavJMYV5r4WP0+kUNs7SCOXGcM1LO/vZH4n9fIqHPSzKVOM0ItJos6meKU8FEgvC0NClIDR0AY6W7logcGBLnYCi6E4PfLf0n1sHxaDq6OSmeX0zSW2C7bYwcsYMfsjF2wCqsywe7ZI3tmL96D9+S9em+T1hlvOrPNfsB7/wIye5bR</latexit><latexit sha1_base64="yWpuuevthvDA3PuWyS+zg8ynjn8=">AAACAnicbVDLSgNBEJz1bXxFvellMAiewq4I6k3wIp4iGBPIhtA76SRDZmeXmV4xLAEv/ooXDype/Qpv/o2Tx8FXQUNR1U13V5Qqacn3P72Z2bn5hcWl5cLK6tr6RnFz68YmmRFYFYlKTD0Ci0pqrJIkhfXUIMSRwlrUPx/5tVs0Vib6mgYpNmPoatmRAshJreJOCCrtAQ8J74jnHHSbD3kYIUGrWPLL/hj8LwmmpMSmqLSKH2E7EVmMmoQCaxuBn1IzB0NSKBwWwsxiCqIPXWw4qiFG28zHPwz5vlPavJMYV5r4WP0+kUNs7SCOXGcM1LO/vZH4n9fIqHPSzKVOM0ItJos6meKU8FEgvC0NClIDR0AY6W7logcGBLnYCi6E4PfLf0n1sHxaDq6OSmeX0zSW2C7bYwcsYMfsjF2wCqsywe7ZI3tmL96D9+S9em+T1hlvOrPNfsB7/wIye5bR</latexit>
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• MRMA can be viewed as a generalized form of PMF.

• Setting K = 1 in MRMA is the same problem as PMF.

GRAPHICAL MODELS

Ui Vj

Ri,j

i=1,…,m
j=1,…,n

σ

σU σV

[ MRMA ][ PMF ]
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• The log of the posterior distribution: 

POSTERIOR DISTRIBUTION 
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Difficult to solve 
directly!
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• Given i and j,

• It is mixture of Gaussian distribution.  

• If K > 1, it is difficult to calculate                                   

• We need another way to compute the gradient of l. 

LOWER BOUND OF LOG POSTERIOR
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• Solution: Jensen’s Inequality 

• For a convex function f, 

• On the other hand, f(U, V) is convex. Why?
• Gaussian function and -log(x) function is convex.

• Sum of multiple convex function is convex. 

• The composite function of two convex function is convex. 

LOWER BOUND OF LOG POSTERIOR

80  �  1, f (�x1 + (1� �)x2)  �f (x1) + (1� �)f (x2)
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• Applying Jensen’s inequality to f(U, V),

• The lower bound of the log posterior distribution:

LOWER BOUND OF LOG POSTERIOR
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• On the other hands, the loss function is difficult to compute.

• Too many parameters and hyper-parameters.

• Iterated Conditional Modes (ICM) Steps [J. Besag, 1986]: 
• Conditioned on the rest variables,  

then iterate until convergence.  
(Alternating minimization)

• To estimate optimal value of each variables  
by conditioning other variables.

• Similar to works of Kittler and Foglein [1984],  
Kiiveri and Campbell [1986]. 

• In MRMA, the hyper-parameters are also trained by ICM.

ITERATED CONDITIONAL MODES (ICM)
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• Each parameters can be updated by solving the following minimization:

• These all convex optimization! 

ICM OF MRMA (PARAMETERS)
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• Each hyper-parameters can be updated by solving the following minimization:

• The hyper-parameters can be learned as their maximum likelihood 
estimates by setting their partial derivatives on l’ to 0. Why?
• These all convex optimization!

• Cons: the closed form solution exists.

• Without ICM, we can not get good performance.

ICM OF MRMA (HYPER-PARAMETERS)
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• U, V updating procedures can be seen as some form of ridge regression. 

• Therefore, the closed form solution exists!
• Then, why not MRMA use closed form solution for U and V?

• Netflix Prize Winner said that  
“SGD shows better performance compared to closed form solution”.

• Many empirical studies have supported this claim. Still open question!

• (CF) Two main algorithms for matrix factorization:

• 1. Stochastic Gradient Descent (SGD)
• 2. Alternating Minimization (closed form solution)

• Sub-optimality has been proven [Jain et al 2013].

• But performance is worse than SGD and slow on GPU (SVD calculation)

WHY NOT UPDATING U AND V BY CLOSED FORM?



�22

• Besag [1986] said that the performance of ICM is highly sensitive  
to initial value of the parameters and hyper-parameters.

• Therefore, MRMA present the initial values.
• U, V : the solution of classical PMF algorithm. 

•                :             (Bagging)  

• I reproduced MRMA using tensorflow. Difficult to reproduce!
• Even, the authors of RaFM (ICML 2019) said that they can not reproduce the 

performance of MRMA paper. 

• I can get better performance than MRMA’s report on Movielen 1M (RMSE 0.833).

• Really sensitive to initial value. 

• My implementation: https://github.com/JoonyoungYi/MRMA-tensorflow

TRAINING OF MRMA

↵k and �k
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• I guessed how to estimate R because it did not appear in the MRMA paper.

• Even if we have all the parameters, it is difficult to estimate R using l.

• They have to estimate R using its lower bound l’.  

• In l’,                                        .   

• This can be seen as weighted average of each sub-models.

• Hence, 

HOW TO COMPUTE THE PREDICTION OF R?
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• Is MRMA effective compared to PMF? (Experiments on Movielens 1M)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• I think experimental results of PMF are not natural.  
(The relationship between RMSE and k is inconsistent.)

VS. FIXED-RANK MATRIX APPROXIMATION

approximately 0.840
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• The set of ranks decide the performance of the final model. 

• However, it is not necessary to choose all the ranks in [1, 2, …, K].

• The parameter may be too large and the calculation may not be efficient.  

• Assumption: Overlapping structure
• A rank-k approx. will be very similar to rank-(k − 1) and rank-(k + 1) approx..  

• Experimental Settings:
• set 1 = {10, 20, 30, …, 300}

• set 2 = {20, 40, 60, …, 300}

• set 3 = {30, 60, 90, …, 300}

• set 4 = {50, 100, 150, …, 300}

• set 5 = {100, 200, 300}  

SENSITIVITY OF RANK
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• The set of ranks: {10, 20, 50, 100, 150, 200, 250, 300}

• This set showed good performance emperically.  

• The state-of-the-arts performance on Movielens 10M and Netflix datasets.
• Table summarized RMSE with 95% confidence levels 
 

• Better performance compared to other matrix approximation medthods.

• Better than the studies after MRMA (ex. GLOMA, ABCF).

ACCURACY COMPARISON (RATING PREDICTION)

single model
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• NDCG@N: Another metric that measures recommendation performance.

• Unlike other algorithms, this algorithm showed good performance  
in both NDCG and RMSE.

ACCURACY COMPARISON (ITEM RANKING)
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• Does MRMA tackle the issue related to their observation?

• Top 10 movies with largest     values with rank k=20 and k=200:  

• The movies appropriated to a smaller rank are less evaluated.

• The movies appropriated to a higher rank are more evaluated.

INTERPRETATION OF MRMA

�
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• Is there any idea for replacing ICM?

• The ICM is too dependent on the initial value.

• It takes too long to run the classical PMF algorithms for every rank k.  

• Can not we estimate      in the original model rather than estimate      in the 
lower bound?
• The estimation of MRMA comes from its lower bound. 

• Is there any way to use the tight lower bound or expectation?

• The current rank setting is too heuristic. Is there any better way?

DISCUSSION POINTS

R̂
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• The current state-of-the-arts table [4] on Movielens 100k, 1M, 10M:  

• RMSE of MRMA on Movielens 100k: 0.893 (reproduction)

• RMSE of MRMA on Movielens 1M: 0.833 (reproduction)

• Why we can’t get the best performance with relatively small dataset  
such as 100k and 1m?

THE PERFORMANCE ON SMALL SIZE DATASET
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• Inspired by Slimmable Network [2].

• The first column of U1 and U2 may be similar.

• Sharing the first column of U1 and U2 would reduce the number of 
parameters drastically and enable efficient learning.

• If using weight sharing,

• would not be necessary to worry about how to set a rank set.

• would not be necessary to initialize using PMF?

WEIGHT SHARING



ANY QUESTIONS?
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