
Why Biased Matrix 
Factorization Works Well?

2018. 8. 29.

Joonyoung Yi
joonyoung.yi@kaist.ac.kr  

Machine Learning & Intelligence Laboratory
School of Computing  

Korea Advanced Institute of Science and Technology

mailto:joonyoung.yi@kaist.ac.kr


TABLE OF CONTENTS

1. Netflix Prize and Winner’s Algorithm

2. Funk SVD (2006) and Biased Matrix Factorization (IEEE 2009)

3. Probabilistic Matrix Factorization (NIPS 2008)

4. Why We Use Alternating Minimization?

5. Overcoming Local Minima Problem of Alternating Minimization

6. Why Random Initialization Works?



TABLE OF CONTENTS

1. Netflix Prize and Winner’s Algorithm

2. Funk SVD (2006) and Biased Matrix Factorization (IEEE 2009)

3. Probabilistic Matrix Factorization (NIPS 2008)

4. Why We Use Alternating Minimization?

5. Overcoming Local Minima Problem of Alternating Minimization

6. Why Random Initialization Works?



NETFLIX PRIZE

• In October 2016, Netflix open a $1M Prize called Netflix Prize.

• To improve recommendation accuracy by 10%.

• They splitted the data for prize.

• Training set: 100M

• Test set: 1.4M

• Training set contains 1.2 % of entries.

• 480,000 users and 17,700 movies.

• From a matrix viewpoint, training set contains only 1.2% entries of the matrix.
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DATA DESCRIPTION OF NETFLIX PRIZE

• Each set(training set, test set) is a set of (i, j, Mij)s.

• i: user index

• j: item(or movie) index

• Mij: true rating of user u to item i. 

•    : the set of (i, j) corresponding to the training set(=The set of known entries).

•    : the set of (i, j) corresponding to the test set(=The set of entries to predict).

• m is the number of users.

• n is the number of items.
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DATA DESCRIPTION OF NETFLIX PRIZE

• RMSE(Root Mean Square Error) was used for measuring accuracy.

• Rij: predicted rating of user i to item j. 

•       is the cardinality of the    .

• Projection Operator 

• M, R are rating matrices.

•
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RMSE on Test Set

RMSE OF NETFLIX, PRIZE WINNER AND BIASED-MF

• RMSE of Cinematch (Original Netflix Recommendation Engine): 0.9514

• RMSE of Winner: 0.8553 (10% enhancement)

• They ensembled a lot of algorithms.

• RMSE of Biased-MF ONLY: 0.8799 (7.5% enhancement)

• Some materials said 6% enhancement only by Biased-MF.

• RMSE of Biased-MF(with tuned hyper-parameters): 0.844 (11.3% enhancement)

• From the AutoRec Paper in WWW’15.
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BIASED-MF IS FAST AND WORKS WELL

• Many Algorithms are presented after Biased-MF.

• Biased-MF is the fastest algorithm among them. 

• The convex relaxation(nuclear norm minimization) algorithm is slower than Biased-MF.

• Biased-MF works quite well even these days.

• And, the some of algorithms with good performance are based on Biased-MF.

• SMA and MRMA are ensemble algorithms based on Biased-MF.

• LLoRMA and ABCF are modification of Biased-MF.
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Movielens 1M Movielens 10M Netflix(100M)

Biased MF(IEEE’09) 0.845 0.803 0.844

LLoRMA(ICML’13) 0.8333 0.7815 0.8337

AutoRec(WWW’15) 0.831 0.782 0.823

CF-NADE(ICML ’16) 0.829 0.771 0.803

SMA(ICML’16) - 0.7682 0.8036

ABCF(Neurocomputing’18) 0.836 0.766 0.795

MRMA(NIPS’17) - 0.7634 0.7973
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FUNK SVD(SINGULAR VECTOR DECOMPOSITION)

• Before introducing Biased-MF, Let’s see Funk SVD(suggested by Funk).

• Goal of Netflix Prize: Minimize RMSE

• There is no way to solve this optimization form without any assumption.

• In rating recommendation, it is natural to assume the matrix      is low-rank.

• New Optimization Form with Low-rank Assumption:

• p and q are low-rank matrices:

• To avoid overfitting:
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SOLUTION OF THE FUNK SVD

• Optimization form of the Funk SVD:

• If we know all entries (=    contains all (u, i) pairs), we can solve by SVD (Singular vector 
decomposition).

• However, we can’t know the all entries. 

• If we don’t know all entries, this is NP-hard problem.

• Then, how to solve this optimization problem?

• One of approaches is convex relaxation. 

• But, the Funk-SVD use another algorithm.
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SOLVE BY ALTERNATING MINIMIZATION
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These can be solved by SVD!

(pseudo inverse)
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V̂
†

<latexit sha1_base64="gToXFTlZVnuHTXJsUTeaDo+Bsko=">AAAB93icbVBNS8NAEN34WetHox69LBbBU0lEsN4KXjxWMG2hjWWz2aRLN5uwOxFq6C/x4kHFq3/Fm//GbZuDtj4YeLw3w8y8IBNcg+N8W2vrG5tb25Wd6u7e/kHNPjzq6DRXlHk0FanqBUQzwSXzgINgvUwxkgSCdYPxzczvPjKleSrvYZIxPyGx5BGnBIw0tGuDEYGiM30YhCSOmRradafhzIFXiVuSOirRHtpfgzClecIkUEG07rtOBn5BFHAq2LQ6yDXLCB2TmPUNlSRh2i/mh0/xmVFCHKXKlAQ8V39PFCTRepIEpjMhMNLL3kz8z+vnEDX9gsssBybpYlGUCwwpnqWAQ64YBTExhFDFza2YjogiFExWVROCu/zyKvEuGtcN9+6y3mqWaVTQCTpF58hFV6iFblEbeYiiHD2jV/RmPVkv1rv1sWhds8qZY/QH1ucPZl+TFg==</latexit><latexit sha1_base64="gToXFTlZVnuHTXJsUTeaDo+Bsko=">AAAB93icbVBNS8NAEN34WetHox69LBbBU0lEsN4KXjxWMG2hjWWz2aRLN5uwOxFq6C/x4kHFq3/Fm//GbZuDtj4YeLw3w8y8IBNcg+N8W2vrG5tb25Wd6u7e/kHNPjzq6DRXlHk0FanqBUQzwSXzgINgvUwxkgSCdYPxzczvPjKleSrvYZIxPyGx5BGnBIw0tGuDEYGiM30YhCSOmRradafhzIFXiVuSOirRHtpfgzClecIkUEG07rtOBn5BFHAq2LQ6yDXLCB2TmPUNlSRh2i/mh0/xmVFCHKXKlAQ8V39PFCTRepIEpjMhMNLL3kz8z+vnEDX9gsssBybpYlGUCwwpnqWAQ64YBTExhFDFza2YjogiFExWVROCu/zyKvEuGtcN9+6y3mqWaVTQCTpF58hFV6iFblEbeYiiHD2jV/RmPVkv1rv1sWhds8qZY/QH1ucPZl+TFg==</latexit><latexit sha1_base64="gToXFTlZVnuHTXJsUTeaDo+Bsko=">AAAB93icbVBNS8NAEN34WetHox69LBbBU0lEsN4KXjxWMG2hjWWz2aRLN5uwOxFq6C/x4kHFq3/Fm//GbZuDtj4YeLw3w8y8IBNcg+N8W2vrG5tb25Wd6u7e/kHNPjzq6DRXlHk0FanqBUQzwSXzgINgvUwxkgSCdYPxzczvPjKleSrvYZIxPyGx5BGnBIw0tGuDEYGiM30YhCSOmRradafhzIFXiVuSOirRHtpfgzClecIkUEG07rtOBn5BFHAq2LQ6yDXLCB2TmPUNlSRh2i/mh0/xmVFCHKXKlAQ8V39PFCTRepIEpjMhMNLL3kz8z+vnEDX9gsssBybpYlGUCwwpnqWAQ64YBTExhFDFza2YjogiFExWVROCu/zyKvEuGtcN9+6y3mqWaVTQCTpF58hFV6iFblEbeYiiHD2jV/RmPVkv1rv1sWhds8qZY/QH1ucPZl+TFg==</latexit><latexit sha1_base64="gToXFTlZVnuHTXJsUTeaDo+Bsko=">AAAB93icbVBNS8NAEN34WetHox69LBbBU0lEsN4KXjxWMG2hjWWz2aRLN5uwOxFq6C/x4kHFq3/Fm//GbZuDtj4YeLw3w8y8IBNcg+N8W2vrG5tb25Wd6u7e/kHNPjzq6DRXlHk0FanqBUQzwSXzgINgvUwxkgSCdYPxzczvPjKleSrvYZIxPyGx5BGnBIw0tGuDEYGiM30YhCSOmRradafhzIFXiVuSOirRHtpfgzClecIkUEG07rtOBn5BFHAq2LQ6yDXLCB2TmPUNlSRh2i/mh0/xmVFCHKXKlAQ8V39PFCTRepIEpjMhMNLL3kz8z+vnEDX9gsssBybpYlGUCwwpnqWAQ64YBTExhFDFza2YjogiFExWVROCu/zyKvEuGtcN9+6y3mqWaVTQCTpF58hFV6iFblEbeYiiHD2jV/RmPVkv1rv1sWhds8qZY/QH1ucPZl+TFg==</latexit>

1: Input: observed set ⌦, values P⌦(M)

2: Initialize V̂ 0 randomly.

3: for t = 1, · · · , T :

4: Û t  arg min
U2Rm⇥k

kP⌦(M � U(V̂ t�1)†)k2
F
+ �UkUk

2

F

5: V̂ t  arg min
V 2Rk⇥n

kP⌦(M � Û tV †)k2
F
+ �V kV k

2

F

6: Return R = Û t(V̂ t)†
<latexit sha1_base64="pQ+/bsDaW5e0HjtjvbKSiNfXu+o="></latexit><latexit sha1_base64="pQ+/bsDaW5e0HjtjvbKSiNfXu+o="></latexit><latexit sha1_base64="pQ+/bsDaW5e0HjtjvbKSiNfXu+o="></latexit><latexit sha1_base64="pQ+/bsDaW5e0HjtjvbKSiNfXu+o="></latexit>



WHAT IS BIASED MATRIX FACTORIZATION?

• The Biased Matrix Factorization is based on Funk SVD.

• Biased MF = Funk SVD + Bias Terms

• Some users tend to give higher ratings, and some users tend to give lower ratings.

• The tendencies of movies are similar to that of users.

• Some movies tend to get higher ratings, and some movies tend to get lower ratings.

• Biased Matrix Factorization wants to handle this phenomenon.

• To introduce bias terms in the optimization form.

!13



OPTIMIZATION FORM OF BIASED-MF

• Therefore, Biased-MF introduce biased terms related to user and item respectively.

•     is the average rating of training set(constant).

•          is the bias vector related to user.

•          is the bias vector related to item.

• This optimization form can be solved by alternating minimization.

• Similar to the solution of Funk SVD.

• The Biased Matrix Factorization is also called SVD++.

!14

µ
<latexit sha1_base64="VlnKo72qdPNK/XpDYE6WLCIIdz8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWVEzwSSI+xt5pIlu3vH7p4QQn6CjYWKrf/Izn/jJrlCow8GHu/NMDMvzgQ31ve/vNLK6tr6RnmzsrW9s7tX3T94MGmuGYYsFalux9Sg4ApDy63AdqaRylhgKx5dz/zWI2rDU3VvxxlGkg4UTzij1kl3XZn3qjW/7s9B/pKgIDUo0OxVP7v9lOUSlWWCGtMJ/MxGE6otZwKnlW5uMKNsRAfYcVRRiSaazE+dkhOn9EmSalfKkrn6c2JCpTFjGbtOSe3QLHsz8T+vk9vkMppwleUWFVssSnJBbEpmf5M+18isGDtCmebuVsKGVFNmXToVF0Kw/PJfEp7Vr+rB7Xmt4RdplOEIjuEUAriABtxAE0JgMIAneIFXT3jP3pv3vmgtecXMIfyC9/ENxYONmA==</latexit><latexit sha1_base64="VlnKo72qdPNK/XpDYE6WLCIIdz8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWVEzwSSI+xt5pIlu3vH7p4QQn6CjYWKrf/Izn/jJrlCow8GHu/NMDMvzgQ31ve/vNLK6tr6RnmzsrW9s7tX3T94MGmuGYYsFalux9Sg4ApDy63AdqaRylhgKx5dz/zWI2rDU3VvxxlGkg4UTzij1kl3XZn3qjW/7s9B/pKgIDUo0OxVP7v9lOUSlWWCGtMJ/MxGE6otZwKnlW5uMKNsRAfYcVRRiSaazE+dkhOn9EmSalfKkrn6c2JCpTFjGbtOSe3QLHsz8T+vk9vkMppwleUWFVssSnJBbEpmf5M+18isGDtCmebuVsKGVFNmXToVF0Kw/PJfEp7Vr+rB7Xmt4RdplOEIjuEUAriABtxAE0JgMIAneIFXT3jP3pv3vmgtecXMIfyC9/ENxYONmA==</latexit><latexit sha1_base64="VlnKo72qdPNK/XpDYE6WLCIIdz8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWVEzwSSI+xt5pIlu3vH7p4QQn6CjYWKrf/Izn/jJrlCow8GHu/NMDMvzgQ31ve/vNLK6tr6RnmzsrW9s7tX3T94MGmuGYYsFalux9Sg4ApDy63AdqaRylhgKx5dz/zWI2rDU3VvxxlGkg4UTzij1kl3XZn3qjW/7s9B/pKgIDUo0OxVP7v9lOUSlWWCGtMJ/MxGE6otZwKnlW5uMKNsRAfYcVRRiSaazE+dkhOn9EmSalfKkrn6c2JCpTFjGbtOSe3QLHsz8T+vk9vkMppwleUWFVssSnJBbEpmf5M+18isGDtCmebuVsKGVFNmXToVF0Kw/PJfEp7Vr+rB7Xmt4RdplOEIjuEUAriABtxAE0JgMIAneIFXT3jP3pv3vmgtecXMIfyC9/ENxYONmA==</latexit><latexit sha1_base64="VlnKo72qdPNK/XpDYE6WLCIIdz8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWVEzwSSI+xt5pIlu3vH7p4QQn6CjYWKrf/Izn/jJrlCow8GHu/NMDMvzgQ31ve/vNLK6tr6RnmzsrW9s7tX3T94MGmuGYYsFalux9Sg4ApDy63AdqaRylhgKx5dz/zWI2rDU3VvxxlGkg4UTzij1kl3XZn3qjW/7s9B/pKgIDUo0OxVP7v9lOUSlWWCGtMJ/MxGE6otZwKnlW5uMKNsRAfYcVRRiSaazE+dkhOn9EmSalfKkrn6c2JCpTFjGbtOSe3QLHsz8T+vk9vkMppwleUWFVssSnJBbEpmf5M+18isGDtCmebuVsKGVFNmXToVF0Kw/PJfEp7Vr+rB7Xmt4RdplOEIjuEUAriABtxAE0JgMIAneIFXT3jP3pv3vmgtecXMIfyC9/ENxYONmA==</latexit>

b
user

<latexit sha1_base64="DXbG6GcW+vrGhhOT8KyvQGgSL1c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoY9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8WHu/NzM68MBVcG9f9dkorq2vrG+XNytb2zu5edf/gXieZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoeuq3nlBpnsg7M04xiOlA8ogzaqzUDh/yTKOa9Ko1t+7OQJaJV5AaFGj2ql/dfsKyGKVhgmrd8dzUBDlVhjOBk0rXjk0pG9EBdiyVNEYd5LN9J+TEKn0SJco+achM/d2R01jrcRzaypiaoV70puJ/Xicz0WWQc5lmBiWbfxRlgpiETI8nfa6QGTG2hDLF7a6EDamizNiIKjYEb/HkZeKf1a/q3u15reEWaZThCI7hFDy4gAbcQBN8YCDgGV7hzXl0Xpx352NeWnKKnkP4A+fzB+UOkAM=</latexit><latexit sha1_base64="DXbG6GcW+vrGhhOT8KyvQGgSL1c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoY9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8WHu/NzM68MBVcG9f9dkorq2vrG+XNytb2zu5edf/gXieZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoeuq3nlBpnsg7M04xiOlA8ogzaqzUDh/yTKOa9Ko1t+7OQJaJV5AaFGj2ql/dfsKyGKVhgmrd8dzUBDlVhjOBk0rXjk0pG9EBdiyVNEYd5LN9J+TEKn0SJco+achM/d2R01jrcRzaypiaoV70puJ/Xicz0WWQc5lmBiWbfxRlgpiETI8nfa6QGTG2hDLF7a6EDamizNiIKjYEb/HkZeKf1a/q3u15reEWaZThCI7hFDy4gAbcQBN8YCDgGV7hzXl0Xpx352NeWnKKnkP4A+fzB+UOkAM=</latexit><latexit sha1_base64="DXbG6GcW+vrGhhOT8KyvQGgSL1c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoY9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8WHu/NzM68MBVcG9f9dkorq2vrG+XNytb2zu5edf/gXieZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoeuq3nlBpnsg7M04xiOlA8ogzaqzUDh/yTKOa9Ko1t+7OQJaJV5AaFGj2ql/dfsKyGKVhgmrd8dzUBDlVhjOBk0rXjk0pG9EBdiyVNEYd5LN9J+TEKn0SJco+achM/d2R01jrcRzaypiaoV70puJ/Xicz0WWQc5lmBiWbfxRlgpiETI8nfa6QGTG2hDLF7a6EDamizNiIKjYEb/HkZeKf1a/q3u15reEWaZThCI7hFDy4gAbcQBN8YCDgGV7hzXl0Xpx352NeWnKKnkP4A+fzB+UOkAM=</latexit><latexit sha1_base64="DXbG6GcW+vrGhhOT8KyvQGgSL1c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoY9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8WHu/NzM68MBVcG9f9dkorq2vrG+XNytb2zu5edf/gXieZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoeuq3nlBpnsg7M04xiOlA8ogzaqzUDh/yTKOa9Ko1t+7OQJaJV5AaFGj2ql/dfsKyGKVhgmrd8dzUBDlVhjOBk0rXjk0pG9EBdiyVNEYd5LN9J+TEKn0SJco+achM/d2R01jrcRzaypiaoV70puJ/Xicz0WWQc5lmBiWbfxRlgpiETI8nfa6QGTG2hDLF7a6EDamizNiIKjYEb/HkZeKf1a/q3u15reEWaZThCI7hFDy4gAbcQBN8YCDgGV7hzXl0Xpx352NeWnKKnkP4A+fzB+UOkAM=</latexit>

b
item

<latexit sha1_base64="ihgt0y/lts5uDQPDa3MALu8LZCM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoY9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nvqtJ1SaJ/LOjFMMYjqQPOKMGiu1w4ecG4wnvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tm9E3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6fOkzxUyI8aWUKa4vZWwIVWUGRtRxYbgLb68TPyz+lXduz2vNdwijTIcwTGcggcX0IAbaIIPDAQ8wyu8OY/Oi/PufMxbS04xcwh/4Hz+AMysj/M=</latexit><latexit sha1_base64="ihgt0y/lts5uDQPDa3MALu8LZCM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoY9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nvqtJ1SaJ/LOjFMMYjqQPOKMGiu1w4ecG4wnvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tm9E3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6fOkzxUyI8aWUKa4vZWwIVWUGRtRxYbgLb68TPyz+lXduz2vNdwijTIcwTGcggcX0IAbaIIPDAQ8wyu8OY/Oi/PufMxbS04xcwh/4Hz+AMysj/M=</latexit><latexit sha1_base64="ihgt0y/lts5uDQPDa3MALu8LZCM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoY9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nvqtJ1SaJ/LOjFMMYjqQPOKMGiu1w4ecG4wnvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tm9E3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6fOkzxUyI8aWUKa4vZWwIVWUGRtRxYbgLb68TPyz+lXduz2vNdwijTIcwTGcggcX0IAbaIIPDAQ8wyu8OY/Oi/PufMxbS04xcwh/4Hz+AMysj/M=</latexit><latexit sha1_base64="ihgt0y/lts5uDQPDa3MALu8LZCM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoY9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nvqtJ1SaJ/LOjFMMYjqQPOKMGiu1w4ecG4wnvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tm9E3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6fOkzxUyI8aWUKa4vZWwIVWUGRtRxYbgLb68TPyz+lXduz2vNdwijTIcwTGcggcX0IAbaIIPDAQ8wyu8OY/Oi/PufMxbS04xcwh/4Hz+AMysj/M=</latexit>

min
Û,V̂ ,buser,bitem

X

(i,j)2⌦

(Mij � µ� buseri � bitemj � ÛiV̂
†
j )

2

+ �UkÛk2F + �V kV̂ k2F + �buserkbuserk22 + �bitemkbitemk22
<latexit sha1_base64="utwFR+JySkMZlz+0CF9UitgaWsY="></latexit><latexit sha1_base64="utwFR+JySkMZlz+0CF9UitgaWsY="></latexit><latexit sha1_base64="utwFR+JySkMZlz+0CF9UitgaWsY="></latexit><latexit sha1_base64="utwFR+JySkMZlz+0CF9UitgaWsY="></latexit>



THE ROLE OF BIAS TERMS IN BIASED-MF

• The bias terms serve the role of normalization.

• The bias terms serve to make the rating matrix r be zero mean. 

• Meanwhile, the Biased-MF without bias terms(=Funk SVD) also works quite well. 

• The RMSE performance on Netflix Dataset is similar to original recommendation engine of 
Netflix.

• Therefore, knowing why Biased-MF works well is equivalent to  
knowing why Funk SVD works well.

• Now, we will investigate why Funk SVD works well on low-rank matrices.

!15
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OPTIMIZATION FORM OF FUNK SVD

• Recall: Optimization form of Funk SVD

• Probabilistic Matrix Factorization (PMF, NIPS’08) interprets Funk SVD  
in the view point of posterior.

• Funk SVD can be interpreted as an algorithm that finds the most probable low-rank matrices 
p and q when a star is observed.

!17

argmin
Û,V̂

X

(i,j)2⌦

(Mij � ÛiV̂
†
j )

2 + �UkÛk2F + �V kV̂ k2F
<latexit sha1_base64="QbHbHTDK8iJKyzMIsXFV+BYgY7g="></latexit><latexit sha1_base64="QbHbHTDK8iJKyzMIsXFV+BYgY7g="></latexit><latexit sha1_base64="QbHbHTDK8iJKyzMIsXFV+BYgY7g="></latexit><latexit sha1_base64="QbHbHTDK8iJKyzMIsXFV+BYgY7g="></latexit>



PROBABILISTIC MATRIX FACTORIZATION

• Optimization form of PMF:

• To find     and    via MAP(Maximum A Posteriori).

• A low-rank assumption (                   ) and Gaussian noise assumptions.

!18

Mij

i=1,…,m
j=1,…,n

σ

σU σV

argmax
Û,V̂

Pr[Û , V̂ |P⌦(M),⌦,�2,�2

U ,�
2

V ]
<latexit sha1_base64="W0+3TbimD40TlGA8JBqmkMPUT+k="></latexit><latexit sha1_base64="W0+3TbimD40TlGA8JBqmkMPUT+k="></latexit><latexit sha1_base64="W0+3TbimD40TlGA8JBqmkMPUT+k="></latexit><latexit sha1_base64="W0+3TbimD40TlGA8JBqmkMPUT+k="></latexit>

Ûi
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THE LOG POSTERIORI OF PMF

• The log posteriori of PMF is as follows:

• Hence, the following equation holds:
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WHY WE USE ALTERNATING MINIMIZATION?

• We can just use Gradient Descent with random initialization without alternating 
minimization.

• Why we should use alternating minimization?

• First of all, Gradient Descent can oscillate without alternating minimization.

• The MRMA paper(NIPS’17) said that it is possible to overfit without alternating 
minimization.

• Alternating Minimization is not the only way to avoid overfitting.

• However, Besag(1986) said that it is a good way to avoid overfitting.

• Glendinning(1989) said that alternating minimization is robust to initial point empirically.

• However, the initial point is nonetheless important. 

• Because it can fall into the local minima.
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LOCAL MINIMA PROBLEM OF AM

• In otherwise, Jain et al(2013) showed that AM has no local minima problem.

• Noiseless case ONLY. Exact Completion Setting.

• With the slightly modified algorithm.

• With some assumptions.

• Let’s look at the modified algorithm first.
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THE MODIFIED ALGORITHM
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THE MODIFIED ALGORITHM
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Mini-batch



THE MODIFIED ALGORITHM
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 Alternating Minimization
similar to Funk SVD



THE MODIFIED ALGORITHM

!27

When performing initialization using SVD + Clipping, 
the local optimum found by the SVD method  

is close enough to the global optimum!



MOTIVATION OF THE INCOHERENCE ASSUMPTION

• Consider the rank-1 matrix M:

• Let |Ω| be the number of observed entries of M.

• Then, we can see only 0 with probability 1 - |Ω| / (mn).

• If sample set doesn’t contain 1, we can not complete matrix exactly.

• Therefore, it is impossible to recover all low-rank matrices. 
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THE INCOHERENCE ASSUMPTION

• More generally, it is hard to recover if the singular vectors of the matrix M are similar to 
standard basis.

• Because, information is highly concentrated on specific region.

• Hence, the singular vectors need to be sufficiently spread.

• This is why the paper introduce the incoherence assumption.

• The EMCCO paper said that the random low-rank (orthogonal) matrices satisfy the 
incoherent assumption.
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MAIN RESULTS

• Required entries: |Ω| = O((k4.5 log k) n log n)

• Required steps: O(log (1/ε))

• The EMCCO paper said that the optimum number of required entries is O(n log n)
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COMPARISON TO NUCLEAR NORM MINIMIZATION

• Alternating Minimization

• Required entries: |Ω| = O((k4.5 log k) n log n)

• Required steps: O(log (1/ε))

• Nuclear Norm Minimization (Convex Relaxation)

• Required entries: |Ω| = O((k) n log n)

• Required steps: O(ε-1/2)

• Nuclear Norm Minimization requires smaller the number of samples.

• Alternating Minimization converges faster than Nuclear Norm Minimization.

• Theoretical bound is not tight in Nuclear Norm Minimization.
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PROOF SKETCH
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PRELIMINARY
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BASE CASE
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INDUCTION STEP (DISTANCE)
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INDUCTION STEP (INCOHERENCE)
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WHY RANDOM INITIALIZATION WORKS?

• In prior paper, initialization steps matters to guarantee global optimality.

• In practice, it is hard to determine hyper-parameters for clipping.

• However, random initialization works well practically.

• In this section, I’ll show you to why random initialization works. 

• It can be view as removing hyper-parameters.

• Similar to motivation of WGAN-GP.

• WGAN is really hard to determine hyper-parameter that performance is highly sensitive to.
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PRELIMINARY: MATRIX SENSING PROBLEM

• Quite similar to the matrix completion problem.

• A Low-rank version of linear regression (y = xβ problem).

• RIP condition:

• Actually, the Jain et al’s work (2013) proved in low-rank matrix sensing problem first.

• And then, they extended their work to low-rank matrix completion problem.
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NO SPURIOUS LOCAL MINIMA

• Rong et al (NIPS 2016), Matrix Completion has No Spurious Local Minimum

• Matrix Completion problem with Semi-definite matrix assumption.

• Showed why random initialization works with proper regularizer.

• Srinadh et al (NIPS 2016), Global Optimality of Local Search for Low Rank Matrix 
Recovery

• Matrix Sensing Problem.

• Showed all local minima are very close to a global optimum with noisy measurements.

• With a curvature bound (RIP condition),  
a polynomial time global convergence is guaranteed by SGD from random initialization.

• Rong et al (ArXiv 2017), No Spurious Local Minima in Non-convex Low Rank Problems:  
A Unified Geometric Analysis

• Extended Srinadh et al’s works from matrix sensing to matrix completion and robust PCA.

• Showed no high-order saddle point exists if being with proper regularizer.
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ANY QUESTION?
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